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Preface

This book has one specific goal in mind, namely to determine a fair price for a
financial derivative, such as a stock option. The problem can be put in a very
simple context as follows. Imagine that you are an investor in precious metals,
such as gold or silver. Consider a one-ounce nugget of gold whose current value
is $1800. The owner of this gold is willing to enter into a contract with you that
gives you the right to buy the gold from him for $1750 at any time during the
next month.

Obviously, the owner is not going to enter into such a contract for free, since he
would lose $50 if you were to exercise your right immediately. But the owner
will probably want more than $50, since there is a definite possibility that the
price of gold will exceed $1800 over the next month.

On the other hand, there are limits to what you should be willing to pay for the
right to buy the gold nugget. For instance, you would probably not pay $250 for
this right. Assuming that both parties are eager to speculate (that is, gamble) on
the future price of gold, there may be a price that both you and the owner of the
gold will accept in order to enter into this contract. The purpose of this book is
to build mathematical models that determine a fair price for such a contract.

In technical terms, the contract to buy the gold is a call option on gold, the
buying price $1750 is the strike price and the date one month from today is the
expiration date of the call option. Since the value of the contract at any given
moment depends solely on the value of gold, the option is called a derivative and
the gold is the underlying asset for the derivative. Our goal is to determine a fair
price for this and other derivative financial instruments.

The intended audience of the book is upper division undergraduate or beginning
graduate students in mathematics, finance or economics. Accordingly, no
measure theory is used in this book.

It is my hope that this book will be read by people with rather diverse
backgrounds, some mathematical and some financial. Students of mathematics
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viii Preface

may be well prepared in the ways of mathematical thinking but not so well
prepared when it comes to matters related to finance (portfolios, stock options,
forward contracts and so on). For these readers, I have included the necessary
background in financial matters.

On the other hand, students of finance and economics may be well versed in
financial topics but not as mathematically minded as students of mathematics.
Nevertheless, since the subject of this book is the mathematics of finance, I have
not watered down the mathematics in any way (appropriate to the level of the
book, of course). That is, I have endeavored to be mathematically rigorous at the
appropriate level. However, for the benefit of those with less mathematical
background, I have made the book as mathematically self-contained as possible.
Probability theory is ever present in the area of mathematical finance and in this
respect the book is completely self-contained.

The Second Edition

This second edition is a complete rewriting of the first edition and has been
influenced greatly by my having taught a class based on the first edition for the
last five years running. In particular, the topic organization has been changed
significantly, making the book flow much more smoothly. Most proofs have
been rewritten and many have been improved significantly. The material on
probability has been condensed into fewer chapters. The discussion of options
has been expanded, including some information about the history of options and
the reason why option pricing has become so important.

The discussion of pricing nonattainable alternatives has been expanded
significantly. In particular, a new appendix has been added that contains proofs
that the minimum dominating price of any nonattainable alternative is actually
achieved by some dominating attainable alternative; that the maximum extension
price is achieved by some nonnegative extension and that the minimum
dominating price is equal to the maximum extension price. Finally, the material
on the capital asset pricing model has been removed.

Organization of the Book

The book is organized as follows. The first chapter is devoted to the basics of
stock options. In Chapter 2, we illustrate the technique of derivative asset pricing
through the assumption of no arbitrage by pricing plain-vanilla forward contracts
and discussing some simple issues related to option pricing, such as the put-call
option parity formula.

Chapters 3 and 4 provide a thorough introduction to the topics of discrete
probability that are needed for the subject at hand. Chapter 3 is an elementary
and quite standard introduction to discrete probability and will probably be
familiar to those who have had a course in basic probability. On the other hand,
Chapter 4 covers topics that are generally not covered in basic probability
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classes, such as information structures, state trees, stochastic processes and
martingales. This material is discussed only for discrete sample spaces and
always keeping in mind that it is probably being seen by the reader for the first
time.

Chapter 5 is devoted to the theory of discrete-time pricing models, where we
discuss portfolios, arbitrage trading strategies, martingale measures and the first
and second fundamental theorems of asset pricing. This prepares the way for the
discussion in Chapter 6 on the binomial pricing model. This chapter introduces
the important topics of drift, volatility and random walks.

In Chapter 7, we discuss the problem of pricing nonattainable alternatives in an
incomplete discrete model. This chapter may be omitted if desired. Chapter 8 is
devoted to optimal stopping times and American options. This chapter is perhaps
a bit more mathematically challenging than the previous chapters and may also
be omitted if desired.

Chapter 9 introduces the very basics of continuous probability. We need the
notions of convergence in distribution and the Central Limit Theorem so that we
can take the limit of the binomial model as the length of the time periods goes to
0. We perform this limiting process in Chapter 10 to get the famous Black—
Scholes option pricing formula.

In Appendix A, we give optional background information on convexity that is
used in Chapter 6. As mentioned earlier, Appendix B supplies some proofs
related to pricing nonattainable alternatives.

A Word on Definitions

Unlike many areas of mathematics, the subject of this book, namely, the
mathematics of finance, does not have an extensive literature at the
undergraduate level. Put more simply, there are very few undergraduate
textbooks on the mathematics of finance.

Accordingly, there has not been a lot of precedent with respect to setting down
the basic theory at the undergraduate level, where pedagogy and use of intuition
are (or should be) at a premium. One area in which this seems to manifest itself
is the lack of terminology to cover certain situations.

Therefore, on rare occasions I have felt it necessary to invent new terminology to
cover a specific concept. Let me assure the reader that I have not done this
lightly. It is not my desire to invent terminology for any other reason than as an
aid to pedagogy.

In any case, the reader will encounter a few definitions that I have labeled as
nonstandard. This label is intended to convey the fact that the definition is not
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likely to be found in other books nor can it be used without qualification in
discussions of the subject matter outside the purview of this book.

Thanks Be To ...

Finally, I would like to thank my students Lemee Nakamura, Tristan Egualada
and Christopher Lin for their patience during my preliminary lectures and for
their helpful comments about the manuscript of the first edition. Any errors in
the book, which are hopefully minimal, are my responsibility, of course. The
reader is welcome to visit my web site at www.romanpress.com to learn more
about my books or to leave a comment or suggestion.


http://www.romanpress.com
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Introduction

Motivation

The subject of this book is not how to determine the value of a financial asset,
such as a share of stock or a bar of gold, sometime in the future. Estimates of
future value for such financial instruments are generally made using tools such as
fundamental analysis (examining a company’s balance sheet, income statements
and cash flows), or technical analysis (drawing future conclusions from the price
history of the asset) or some other mainly nonmathematical analysis.

Our goal in this book is to estimate the current fair value of the option to buy (or
the option to sell) a given asset over some period of time in the future. This is
done by assuming that the asset in question will have one of several possible
values in the future and trying to determine a current fair value of the option
based on these possible future values.

The option to buy (or the option to sell) a stock for a fixed value in the future is
called a stock option. An option to buy is called a call and an option to sell is
called a put. The buying (or selling) price is called the strike price. As we will
see, options can be based on assets other than stocks, although stock options are
by far the most common form of option.

If a call has a strike price that is less than the current market value of the asset,
then the option has immediate value and is said to be in the money. Similarly, a
put is in the money at a given time if the strike price is greater than the current
market price of the asset.

Since the invention of stock options in the 1920s, the granting of these financial
instruments has played a very large role an as incentive for hiring and retaining
company executives. This is because for several decades the granting (gifting) of
stock options (in the form of calls) has had a significant tax advantage over
direct cash compensation. In fact, by the 1950s, option grants accounted for
almost one-third of all executive compensation in large companies.

S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 1
Undergraduate Texts in Mathematics, DOI 10.1007/978-1-4614-3582-2 1,
© Steven Roman 2012
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Indeed, as late as the 1990s, the federal government encouraged the use of stock
options as a form of executive compensation, as illustrated by the following

facts:

1) In 1993, in an effort to limit executive pay, the IRS prohibited companies
from deducting more than 1 million dollars in annual compensation for
company executives.

2) In 1994, Congress defeated a proposal by the Securities and Exchange
Commission that would have required companies to treat the granting of
stock options as an expense and deduct it from the company’s earnings.

3) The tax law allowed a tax deduction whenever stock options were exercised

under which the company could deduct from its income an amount equal to
the amount of an employee’s gain from option compensation.

However, in the atmosphere of these rather permissive rules, some companies
began to invent creative ways to manipulate the situation. Here are some
examples.

1)

2)

3)

Backdating: Stock options are granted based on a date prior to the time of
granting, when the stock price was lower, making the options effectively in
the money when they might not otherwise have been in the money. Several
hundred companies appear to have backdated stock options.

Repricing: The option’s strike price is lowered retroactively if the option
fails to be in the money during the exercise period. Studies indicate that
approximately 11 percent of companies repriced options at least once
between 1992 and 1997.

Reloading: Options that are exercised by the employee are automatically
replaced by options at a lower strike price (but typically in fewer numbers).
By 1999, nearly 20 percent of large companies offered reloading plans.

Starting in the 1990s, steps were taken by the federal govenment to address the
issue of granting in-the-money options to avoid payment of taxes. These include
the following:

1)

2)

3)

The Financial Accounting Standards Board (FASB) Statement No. 123
(issued October 1995) requires that a company’s financial statements
include certain disclosures about stock-based employee compensation. In
particular, granted stock options must be assigned a fair value using some
pricing model and booked as an expense by the company.

The Sarbanes—Oxley Act of 2002 prohibits the backdating of options and
strengthens the requirements for reporting stock option grants for public
companies.

The IRS changed the tax laws with regard to the granting of in-the-money
stock options.
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The requirements contained in the FASB statement brought to the forefront the
problem that is the subject of this book: namely, the problem of assigning a fair
value to (stock) options.

One might at first think that the issue is simple: just set the fair value of an
option to its current market value. However, the problem is that in general, the
options granted as employee compensation do not exist on the open market and
therefore do not have a market value! Thus, we must turn to mathematical
models for the purpose of assessing fair value.

With this motivation in mind, let us take a fresh look at the problem.

The Derivative Pricing Problem

A financial security or financial instrument is a legal contract that conveys
ownership (as in the case of a stock), credit (as in the case of a bond) or rights to
ownership (as in the case of a stock option). When a financial security is traded,
the buyer is said to take a long position in the security and the seller is said to
take the short position in the security. The two positions are said to be opposite
positions of one another.

Some financial securities have the property that their value depends upon the
value of another security. In this case, the former security is called a derivative
of the latter security, which is then called the underlying security or just the
underlying for the derivative. The most well-known examples of derivatives are
ordinary stock options (puts and calls). In this case, the underlying security is a
stock.

However, derivatives have become so popular that they now exist based on more
exotic underlying financial entities, such as interest rates and currency exchange
rates. It is also possible to base derivatives on other derivatives. For example,
one can trade options on futures contracts. Thus, a given financial entity can be a
derivative under some circumstances and an underlying under other
circumstances.

In fact, one can create a financial derivative based on any quantity Q(¢) that
varies in a random (nondeterministic) way with time ¢. To illustrate, let ¢y be the
current time and let ¢; > t; be a time in the future. Consider a financial
instrument whose terms as as follows. At time ¢, if the change in value

A= Q(t1) — Q(to)

is positive, then the seller pays the buyer the amount A. If not, then the seller
pays nothing to the buyer.

This is a financial derivative since its value at time ¢; depends on the value @) of
the underlying. Moreover, since there is risk involved in selling such an
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instrument, the seller will not be willing to enter into such a contract without
some monetary compensation at the time ty of formation of the contract.
Moreover, the buyer should be willing to pay something to the seller in order to
acquire the possibility of receiving a payoff A > 0 at time ;. The question is:
“What is a fair price for this derivative?”

Determining a fair value for a derivative is called the derivative pricing
problem and is the central theme of this book.

As a more concrete example, suppose that IBM is selling for $100 per share at
this moment. A 3 month call option on IBM with strike price $102 is a contract
between the buyer and the seller of the option that says that the buyer may (but is
not required to) purchase 100 shares of IBM from the seller for $102 per share ar
any time during the next 3 months.

Of course, at this time, the buyer will not want to exercise the option, since he
presumably has no desire to buy the stock for $102 per share from the seller
when he can buy it on the open market for $100 per share. But if the price of
IBM rises above $102 during the 3 month period, the buyer may very well want
to exercise the call and buy the stock at $102 per share. Thus, the call option has
some value and so the seller will want some monetary compensation to enter into
this contract with the buyer. The question is: “How much compensation?”

The only time at which the derivative pricing problem is easy to solve is at the
time of expiration of the derivative. In the previous example, if at the end of the
3 month period, IBM is selling for $103, then the value of the call option at that
time is $103 — $102 = $1 (ignoring additional costs, such as transaction costs
and commissions). However, at any earlier time, there is uncertainty about the
future value of the stock price and so there is uncertainty about the value of the
option.

Assumptions

Financial markets are complex. As with most complex systems, creating a
mathematical model of a financial system requires making some simplifying
assumptions. In the course of our analysis, we will make several such
assumptions. For example, we will assume a perfect market; that is, a market in
which

e there are no commissions or transaction costs,
e the lending rate is equal to the borrowing rate,
e there are no restrictions on short selling (defined later in the book).

Of course, there is no such thing as a perfect market in the real world, but this
assumption will make the analysis considerably simpler and will also let us
concentrate on certain key issues in derivative pricing.
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In addition to the assumption of a perfect market, we also assume that the market
is infinitely divisible, which means that we can speak of, for example, \/5 or
—r shares of a stock. We will also assume that the market is frictionless; that is,
all transactions take place immediately, without any external delays.

Risk-free Asset

We will also assume that there is always available a risk-free asset; that is, a
particular asset that cannot decrease in value and generally increases in value.
Furthermore, the amount of the increase over any given time interval is known in
advance. Practical examples of securities that are generally considered risk-free
assets are U.S. Treasury bonds and federally insured bank deposits.

For reasons that will become apparent as we begin to explore financial models, it
is important to keep separate the notions of the price of an asset and the quantity
of an asset and to assume that it is the price of an asset that changes with time,
whereas the quantity only changes when we deliberately change it by buying or
selling the asset.

Accordingly, one simple way to model the risk-free asset is to imagine a special
asset with the following behavior. At the initial time ¢, of the model, the asset’s
price is 1. During a given time interval [{1,¢2], the asset’s price increases by a
factor of e"(2=11) where r is the risk-free rate for that interval.

It is traditional in books on the subject to model the risk-free asset as either a
bank account or a risk-free bond. For a normal bank account, however, there is
an issue that must be considered: namely, it is not the value of the units (say
dollars) that change but the quantity. For example, if we deposit $10 (10 units of
dollar) in an account at time ¢, then after a period of 5% growth we have 10.5
units of dollar, not 10 units of dollar each worth 1.05. This issue must be kept in
mind when using a bank account rather than a bond.

We will assume throughout the book that it is possible to buy or sell any amount
of the risk-free asset.

Arbitrage

The term arbitrage suffers from a bit of a dichotomy. In a general, nontechnical
sense, the term is often used to signify a condition under which an investor is
guaranteed to make a profit regardless of circumstances.

The more commonly adopted technical use of the term is a bit different. An
arbitrage opportunity is an investment opportunity that is guaranteed not to
result in a loss and may (with positive probability) result in a gain. Note that the
gain is not guaranteed, only the lack of loss is guaranteed. For example, a game
in which we flip a fair coin once and get 1 dollar if the result is heads but nothing
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if the result is tails might not be considered arbitrage in the nontechnical sense
but is definitely arbitrage in the technical sense. After all, who would not enter
into such a game for free? Actually, one should be willing to play this game for
any initial fee less than 50 cents, since the expected return will be positive.
However, if there is any fee involved, the game is no longer an arbitrage
opportunity, since a loss is now possible.

It is important to note that we must be very careful how we measure gain when
assessing arbitrage. For instance, if $100 today grows to $100.01 in a year, is
this true gain? Put another way, would you make this investment? Probably not,
because there are probably risk-free alternatives, such as depositing the money in
a federally insured bank account that will produce a larger gain.

As we will see, the key principle behind derivative pricing (or indeed any asset
pricing) is that market prices will adjust in order to eliminate arbitrage; that is,
if an arbitrage opportunity exists, then prices will be adjusted to eliminate that
opportunity.

As a simple example, suppose that gold is priced at $980.10 per ounce in New
York and $980.20 in London. Then investors could buy gold in New York and
sell it in London, making a profit of 10 cents per ounce (assuming that
transaction costs do not absorb the profit). However, purchasing gold in New
York will drive the New York price higher and selling gold in London will drive
the London price lower. As a result, the arbitrage opportunity will disappear.

This leads us to the fundamental principle of asset pricing:

No-arbitrage Pricing Principle: As a consequence of the tendency to an
arbitrage-free market equilibrium, it only makes sense to price securities under
the assumption that there is no arbitrage.1

Implementing the no-arbitrage pricing principle for pricing is actually quite easy
in theory. Imagine two portfolios of financial assets. Let us refer to these
portfolios as Portfolio A and Portfolio B. Let us also consider two time periods:
the initial time ¢ = 0 and a final time ¢t = 7" > 0.

Each portfolio has an initial value and a final value or payoff. Let us denote the
initial value of the two portfolios by V40 and Vg and the final values by V4 r
and Vpr. The values of Portfolio A are shown in Figure 1. A similar figure
holds for Portfolio B.
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Possible
Values of
VA T

time 0 time T

Figure 1: The values of Portfolio A

As can be seen in the figure, Portfolio A has a known initial value V4. On the
other hand, the final value of Portfolio A is unknown at time ¢ = 0. In fact, we
assume that this value depends on the state of the economy at time 7', which can
take one of n possible values wy, ...,wy. Thus, the final value V4 r is actually a
function of these states. Similarly, we assume that the initial value of Portfolio B
is known and that the final value is a function of the possible states of the
economy.

Now, consider what happens if Portfolios A and B have exactly the same
payoffs regardless of the state of the economy; that is, if

Var(wi) = Ver(w;)

for all ¢ =1,...,n. The no-arbitrage pricing principle then implies that the
initial values must be equal, that is

Vo = VBo

For suppose that V45 > Vp. Then under the assumption of a perfect market, an
investor can purchase the cheaper Portfolio B and sell the more expensive
Portfolio A, pocketing the positive difference V4o — V. At time 1", no matter
what state the economy is in, the investor receives the common final value of the
portfolios and must pay out the same amount. Thus, he loses nothing at the end
and can keep the initial profit. This is arbitrage in the strongest sense, namely, a
guaranteed profit.

This approach can be used to determine an initial value of an asset, such as a
derivative, whose final payoff is known. To price the asset, all we need to do is
find a portfolio that has the same final payoff function as the asset we wish to
price, but has a known initial value. This is called a replicating portfolio. It
follows that the initial value of the asset in question must be equal to the initial
value of the replicating portfolio.

The no-arbitrage pricing principle can be used in other ways to determine prices.
For example, if the initial values of two portfolios are equal, then it cannot be
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that one portfolio always yields a higher payoff than the other, regardless of the
state of the economy.

We will see many examples of the use of the no-arbitrage pricing principle
throughout the book.

Miscellaneous Mathematical Facts

The Fundamental Counting Principle

Let T1,T5,..., T} be a sequence of tasks with the property that the number of
ways to perform any task in the sequence does not depend on how the previous
tasks in the sequence were performed. Then, if there are n; ways to perform the
ith task 7}, for all ¢ =1,2,...,k the number of ways to perform the entire
sequence of tasks is the product nins---ny. For instance, if you are considering
buying one of five different stocks and one of six different bonds, then there are
5 -6 = 30 ways to buy one stock and one bond.

Permutations

Let S be a set of size n. An ordered arrangement of the elements of S is called a
permutation of S. The size of each permutation is also n. For example, there
are 6 permutations of the set S' = {a, b, c}:

abe, acb, bac, bea, cab, cba

More generally, an ordered arrangement of size k < n of elements of S is called
a permutation of size k taken from S. For instance, if S = {a, b, ¢, d}, then

adb and cda

are permutations of size 3. The number of permutations of a set is easily
determined using the fundamental counting principle.

Theorem 1
1) The number of permutations of size n is

nl=n(n-1)--2-1

The number n! is called n factorial. For consistency, we set 0! = 1.
2) More generally, the number of permutations of size k, taken from a set of
size n is

Proof. Part 1) is a special case of part 2), since taking k = n in part 2) gives n!.
As to part 2), there are n =n — 0 ways to choose the first object in the
permutation. Then there are n — 1 choices for the second object, n — 2 choices
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for the third object and so on. For the last object, there are n — k + 1 choices.
The fundamental counting principle then gives the result..

Combinations

Unordered arrangements of objects are better known as subsets. They are also
called combinations. Specifically, an unordered arrangement of size k, taken
from a set of size n, is called a combination of size k. In order to describe the
number of combinations (subsets) of a set, we need the following concept.

Definition The expression

n n!
(k):m

is called a binomial coefficient. The binomial coefficient (Z) is also denoted by
C(n,k).0

Theorem 2

1) The number of subsets of size k, taken from a set of n objects is C(n, k).

2) The number of subsets of all sizes of a set of size n is 2".

Proof. Each combination of size k leads to k! permutations when we order the
objects in the combination. Hence, the number of permutations of size k is equal
to C'(n, k) - k!, This gives the equation

n!

and solving for C(n,k) proves part 1). As for part 2), we can use the
fundamental counting principle. Let S be a set of size n. Arrange the elements of
the set S in a row, as in

€1 €y

We can form a subset of S' by deciding whether or not to include e; in the subset
for each element e;. This requires making n choices, each of which has two
possibilities: include or exclude. Hence, there are 2" ways to make these choices,
that is, there are 2" subsets of S.[1

Note that

and that
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The binomial coefficients play a role in the binomial formula

(a+b)" = i(Z)akbn—k

k=0

Miscellanea

We will let R denote the set of real numbers. It will be convenient throughout the
book to use the following notation:

X = max{X,0}

where X is any number or function.

The inner product or dot product of two vectors X = (xy,...,2,) and
Y = (y1,...,¥n) in R" is defined by

n
(X,Y) =2+ + T = »_ 239

i=1



Part 1—Options and Arbitrage



Chapter 1
Background on Options

We begin with a discussion of the basic properties of stock options. Readers who
are familiar with these types of derivatives will want merely to skim through the
chapter to synchronize terminology.

Stock Options

Stock options take two forms: put options (puts) and call options (calls). Here
are the definitions.

Definition A stock option is a contract between the writer (seller) of the option
and the buyer of the option. The writer has a short position and the buyer has
a long position. Every option has an underlying stock, an expiration date and
a strike price, also called a striking price or exercise price.
1) In a call option, the buyer has the right to buy the underlying stock from
the writer at the strike price K per share.
a) In a European call, the right to buy can only be exercised on the
expiration date of the call.
b) In an American call, the right to buy can be exercised at any time on
or before the expiration date of the call.
2) In a put option, the buyer has the right to sell the underlying stock to the
writer at the strike price K per share.
a) In a European put, the right to sell can only be exercised on the
expiration date of the call.
b) In an American put, the right to sell can be exercised at any time on
or before the expiration date of the call.(]

We will generally reserve the letter K for the strike price of an option and the
letter S' for the price of the underlying stock. The cost of a call will be denoted
by C' and the cost of a put by P.

Although it will not be required for our mathematical analysis, we want to give
some details about how stock options work.

S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 13
Undergraduate Texts in Mathematics, DOI 10.1007/978-1-4614-3582-2 2,
© Steven Roman 2012
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Exchanges

Most but not all stocks have associated options. Options on major stocks are
generally traded through an options exchange, the largest of which is the
Chicago Board of Options Exchange (CBOE). The exchange determines the
terms of an option, such as the expiration date and strike price. Generally
speaking, options are traded in round lots of 100 underlying shares; that is, each
options contract is a contract to buy or sell 100 shares of the underlying stock.
(Contract sizes can vary when the underlying stock has undergone a stock split.)
However, we will assume for our mathematical models that any real number of
options can be purchased.

Option Terminology

The puts and calls form the two classes of options for a given underlying stock.
An option series within a class is a particular strike price and expiration date.
For example, one option series is

IBM JAN 50 CALLS

where 50 is the strike price (in dollars) and January is the expiration month.
Expiration Dates

The last trading day of an option is the third Friday of the expiration month and
the option actually expires on the following Saturday. Every stock option is on
one of three expiration cycles, which consists of one month per quarter, equally
spaced 3 months apart, but starting at different months:

1) January cycle: Jan, Apr, July, Oct
2) February cycle: Feb, May, Aug, Nov
3) March cycle: Mar, June, Sept, Dec

If the expiration date for the current month has not passed, then there exist
options that trade with expiration dates in the current month, the next month and
the following two months of the cycle for that underlying. If the expiration date
for the current month has passed, then there exist options that trade for the next
month, the month after that and the following two months in the cycle.

For example, IBM is on the January cycle. At the beginning of January, there are
options that expire in January, February, April and July. Late in January, there
are options that expire in February, March, April and July. At the beginning of
May, options expire in May, June, July and October.

Longer-term options are available on some stocks. These are called LEAPS
(long-term equity anticipation securities). They have expirations up to 3 years in
the future and expire in January.
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Strike Prices

The CBOE normally sets the strike prices for its options so that they are spaced
$2.50, $5 or $10 apart. Stocks at lower prices have smaller spaces between strike
prices. When options with a new expiration date are introduced, the CBOE
usually introduces two or three options with strikes nearest to the current stock
price. If the price moves outside this range, new strikes may be introduced. For
example, if new October options are offered on a stock currently priced at $84,
then options striking at $80, $85 and $90 might be created. If the price rises
above $90, a new strike at $95 might be introduced.

Option Symbols

Every stock has a symbol used for identification. For example, IBM is the
symbol for International Business Machines and GE is the symbol for General
Electric Corporation. Options also have symbols. Up until February 12, 2010,
the symbols used for options were confusing, to say the least. Starting February
12, 2010 and fully implemented by May 2010, options symbols have been
standardized to the following form:

1) The first portion of the symbol is the underlying company’s root symbol.

2) This is followed by two characters each for the maturity year, month and
day.

3) This is followed by a “C” for call or a “P” for put.

4) The final portion of the symbol is the strike price. Here five characters are
devoted to the dollar portion and three characters to any decimal portion.

The only “catch” in constructing option symbols is that one needs to know the
date of the Saturday following the third Friday of the expiration month.

For example, in 2010, an IBM July 125 call has expiration date July 17, 2010
and so the symbol is
IBM100717C00125000

It is probably worth noting that individual brokerage houses have created their
own option symbols (unfortunately). For example, the Charles Schwab symbol
for the option above is

IBM 07/17/2010 125.00 C
and Fidelity Investments recognizes the option in the form
-IBM100717C125
whereas Yahoo! Finance recognizes the standard symbology.
The Role of the Options Clearing Corporation

When an investor instructs his broker to buy or sell an option, the broker
transmits this request to the firm’s floor broker on the appropriate options
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exchange, who attempts to locate another floor broker (or other official) who has
instructions to perform the opposite transaction on behalf of another investor.
The trade is then made and both brokers record the details of the transaction.
This entire process generally takes only a few minutes.

However, under this simple scenario, the buyer of the option would have to trust
the seller to make good on his obligation to buy/sell the underlying. It is the role
of the Options Clearing Corporation (OCC) to remove this dependency. At
the end of the day, the OCC examines all of the day’s trading, matching each
sale with the corresponding purchase. It then inserts itself between the buyer and
the seller, playing the role of the buyer for the seller and the role of the seller for
the buyer. Hence, each investor deals only with the OCC (indirectly) and not the
other investor. The OCC has sufficient resources to make good on any amounts
owed as well as to enforce any collection, should that be required.

The OCC also plays a role in the exercise of an option. When an investor notifies
a broker that he wants to exercise an option, the broker places the exercise order
with the OCC. The OCC randomly selects a member brokerage firm that has at
least one writer of that option. The member brokerage firm, using a predefined
algorithm, selects a particular investor who has written the option. This investor
is said to be assigned. Thus, an investor who has sold an American option never
knows when he may be required to make good on his obligation.

Open Interest

An option has one of three fates: it expires without exercise, it is exercised or it
is closed by an offsetting transaction. An investor who owns an option can close
his position by issuing a special offsetting transaction with the same class,
underlying, strike price and expiration but opposite position (long/short). The
buyer closes an open option by selling, the writer closes by buying. Thus, every
option transaction is one of the following four types:

1) buy to open
2) buy to close
3) sell to open
4) sell to close

The open interest is the number of outstanding contracts. When an option
contract is traded, if both investors are opening, then the open interest increases
by 1, since there is a new contract. If one trader is opening and one trader is
closing, the existing contract is passed from the closer to the opener and so the
open interest is unchanged. If both investors are closing, the open interest
declines by 1.

For example, Figure 1.1 shows two investors. In the first figure, investor A has
bought an option and investor B has sold an option. The open interest is 1,
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which is one-half the number of arrows, since each pair of arrows (pointing in
opposite directions) corresponds to a single contract.

A A A

Buy

gﬂ‘\

B Buy B B

Figure 1.1

If A decides to sell to close, the OCC will find a matching buyer, say B. If B
buys to open, then the end result is shown in the middle portion of Figure 1.1
and the open interest is still 1. If instead B buys to close, then the result is shown
in the right-hand portion of Figure 1.1 and the open interest is now 0.

Underlyings

As mentioned earlier, options exist on many different types of underlying
investments other than common stocks. For example, options exist on foreign
currencies, futures contracts and stock indices.

The most popular index options are on the S&P 500, S&P 100, Nasdaq 100 and
Dow Jones Industrial Index. Some options are European (e.g. S&P 500) and
some are American (e.g. S&P 100). An index option grants the right to buy 100
times the index value for the strike price. Settlement is always in cash, not in
stock. For example, if a call on the S&P 100 with strike price 980 is exercised
when the index is 992, the writer must pay the buyer 12 x 100 = 1200 dollars.

The Purpose of Options

Options are primarily used for hedging and for speculation. A hedge is an
investment that reduces the risk in an existing position. To illustrate the hedging
feature of an option, suppose an investor currently owns 1000 shares of XYZ,
whose current price is $88 per share. The investor suspects that there might be a
significant drop in the stock price in the near future (perhaps some
announcement is pending that could dramatically affect the stock price).

So to hedge against this possibility, the investor buys a three-month put with
strike price $85, which gives him the right to sell the stock at $85 per share for
the next 3 months. Thus, if the stock price drops below $85, the investor can
exercise the option, thereby limiting his loss to $3 per share. The price paid for
this hedge is the price of the put, which is currently selling for $1.50 per share.
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Thus, a $1500 outlay will protect an $88,000 investment against more than a
$3000 loss over the 3 month period.

Leverage

Options have one major advantage over owning the underlying asset, namely,
leverage. To illustrate leverage, suppose that a stock ABC is selling for $90 per
share. A small investor with $450 can purchase only 5 shares of the stock. If the
investor feels that the stock price is about to rise significantly, then the use of
options allows him to leverage his bankroll and speculate on the stock in a much
more meaningful way than buying the shares.

For example, the current price of a 1 month call with strike price of $90 is $3.80.
Thus, the investor can purchase 118 such calls (ignoring commissions). If the
price of ABC is $95 at exercise time the profit on 5 shares would be only $25
whereas the profit on 118 calls would be $140. The return is thus over 31% on
the investment in options, whereas it is less than 6% for the stock investment!
This is leverage.

Of course, the downside to the call options is that if the stock does not rise
before the expiration date, the investor will receive nothing from the options and
will have lost the price of these options, whereas the stockholder still owns the
stock.

Profit and Payoff Curves

Generally speaking, when the expiration date arrives, the owner of an option will
exercise that option if and only if there is a positive return. Thus, if the strike
price of the option is K and the spot price (current price) of the stock is .5, the
owner of a call will exercise the option if K < S and the owner of a put will
exercise the option if K > S. The following terms are used to describe the
various possibilities.

Definition A call option is

1) in the money if K < S

2) at the money if K = S

3) out of the money if K > S

A put option is

4) in the money if K > S

5) at the money if K = S

6) out of the money if K < 5.0

It is important to note that just because an option is in the money does not mean
that the owner makes a profit. The problem is that the initial cost (as well as any
commissions, which we will ignore throughout this discussion) may outweigh the
return gained from exercising the option. In that case, the investor will still
execute because the positive return will help reduce the overall loss.
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Figure 1.2 shows the payoffs (ignoring costs) for each option position. The
horizontal axis is the stock price at exercise time and all line segments are either
horizontal or have slope +1.

Payoff Payoff
Stock Stock
K Price K Price
Long Call Short Call
Payoff Payoff
Stock Stpck
K Price K Price
Long Put Short Put

Figure 1.2: Payoff curves

The payoff formulas are actually quite simple. For a long call, if the stock price
S satisfies S K, then the payoff from exercising the call is S — K whereas if
S < K, then the call will expire worthless and so the payoff is 0. Thus, the
payoff is

Payoff(Long Call) = (S — K)"
where
X" = max{X, 0}
for any number X. On the put side, we have
Payoff(Long Put) = (K — S)*

Figure 1.3 shows the profit curves, which take into account the cost of option.
(As mentioned, we will ignore all commissions.)
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Profit Profit
K Stock cost | Stock
_cost Price K Price
Long Call Short Call
Profit Profit
K Stock cost Stock
_cost Price K Price
Long Put Short Put

Figure 1.3: Profit curves

These payoff curves are very informative. Here are some of the things we can
immediately see from these curves. Let K be the strike price, let S be the strock
price, let C' be the initial cost of a call per share and let P be the initial cost of a
put per share.

Long Call

Limited downside: The downside is limited to the cost C' of the call.
Unlimited upside: The upside is effectively unlimited, since there is no limit
to the price of the stock.

Optimistic (bullish) position: The buyer hopes the stock price will rise.
Break-even point: The buyer breaks even if S = K + C'. (Here we ignore
the time value of money.)

Short Call

Unlimited downside: The downside is effectively unlimited because there is
no limit to the price of the stock.

Limited upside: The upside is limited to the selling price C' of the call.
Pessimistic (bearish) position: The seller hopes the stock price will fall.
Break-even point: The seller breaks evenif S = K + C.

Long Put

e Limited downside: The downside is limited to the cost P of the put.

e Limited upside: The upside is also limited because the stock price can only
fall to 0, in which case the profit is equal to K — P.

e Pessimistic (bearish) position: The buyer hopes the stock price will fall.
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e Break-even point: The buyer breaks even if S = K — P.
Short Put

e Limited downside: The downside is limited because the stock price can only
fall to O, in which case the loss is equal to K — P.
Limited upside: The upside is also limited to the selling price P of the put.
Optimistic (bullish) position: The seller hopes the stock price will rise.
Break-even point: The seller breaks even if S = K — P.

Setting aside for the moment the risk factor, we can also say the following:

e Even though a short call and a long put are both bearish positions, there is a
difference. If we believe that a stock’s price will settle near the strike K,
then a short call is more advantageous that a long put, which will still result
in a loss due to the cost of the put. However, if we believe that a stock’s
price will decline sharply, then a long put is more advantageous.

e Similarly, if we believe that a stock’s price will settle near the strike &, then
a short put is more advantageous than a long call.

Covered Calls

We have said that a short call position has an unlimited downside because the
stock price can theoretically rise without bound and so if the seller needs to buy
the shares at exercise time, he has a potentially unlimited risk.

One way to mitigate this risk is to buy the shares at or before the time that the
option is sold. If the seller of a call option owns the stock, the call is said to be
covered. Writing covered calls is far safer than writing uncovered (also called
naked) calls. For this reason, a brokerage house places much stronger
restrictions on allowing the sale of uncovered calls than on the sale of covered
calls.

Similarly, selling an uncovered put has a potentially large downside, since the
seller may be required to buy the stock for the strike price K, even if the stock
price goes to 0. Accordingly, to cover a put, the writer sells the stock short
(described in detail a bit later in this chapter). Then if the put is exercised, the
writer can use the stock he is forced to purchase to unwind the short sale. In this
way, the writer has protected himself up to the initial price S of the stock, which
is received from the short sale. Thus, the downside is at most KX — Se™, where t
is the time to maturity of the option and r is the risk-free rate.

Profit Curves for Option Portfolios

An option portfolio consists of a collection of options of varying types. The
following example shows how to obtain the profit curve for a simple option
portfolio.
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Example 1.1 Consider the purchase and sale of options, all with the same
expiration date, given by the following expression:

— Pioo + Prog + 2C150 — Cliso

This position is: short a put with strike price 100, long a put with strike price
120, long two calls with strike price 150 and short a call with strike price 180.
The overall payoff curve can be obtained from the individual payoff curves by
plotting them all on a single set of coordinates, as shown in Figure 1.4. Note that
it is simpler to ignore all costs in drawing the curves and then simply translate
the final curve an amount equal to the total cost for all the options in the
portfolio, which in this case is

—COSt(PlO(]) —+ COSt(P120) + 2COSt(Cl50) — COSt(Clgo) O

Slope 2

Payoff

(180,360)

Stock
120 150 Price

Figure 1.4: Payoff curve

The Time Value of an Option

The payoff (S — K)* of a call and the payoff (K — S)* of a put are also
referred to as the intrinsic value of the option. However, the market price, also
called the premium of an option, is seldom equal to its intrinsic value. This is
because prior to expiration there is uncertainty in the value of the underlying and
that gives the option some additional value.

The time value (or time premium) of an option is defined by the formula

market price = intrinsic value + time value
The time value represents the value that the option currently possesses due to the

chance that its value will rise in the future: It is the cost of risk. The time value
erodes to 0 as the expiration date approaches.

Figure 1.5 shows the time premiums for various times to expiration for a long
call.
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6-month premium
3-month premium

9-month premium

intrinsic value

K

Figure 1.5: The time value of a long call

The time value of an option is small when the option is either far in or far out of
the money. After all, an option that is far out of the money is likely to expire
worthless and therefore does not have much potential value. Similarly, the final
payoff of an option that is far in the money is very predictable, since its value
varies roughly the same amount as the value of the underlying. Hence, there is
not much time value in such an option. However, an option that is near the
money has the potential of producing a significant percentage return, should the
stock rise even slightly. This gives it a significant time value.

Note that the time value of an option is the reason that American options are
seldom exercised early. After all, exercising an option yields a payoff equal to
the intrinsic value, whereas sale of the option yields a payoff equal to the market
value.

If an option is selling for its intrinsic value; that is, if the time value is 0, then the
option is said to be selling at parity. Actually, sometimes a call option,
especially one with a very high strike price, will trade below parity by a small
amount. However, commissions generally negate the available profit for the
average investor and so only certain investors (market-makers), whose
commissions are very low, are in a position to profit from such options.

The Delta of an Option

There are several quantities associated with an option that measure how the
option premium changes as some other quantity changes. These quantities are
referred to as Greeks. One such Greek is the delta, which is the rate of change
of the option premium with respect to the price of the underlying. The delta is
thus the slope of the tangent line to the graph of the option premium, as shown in
Figure 1.6 for a long call.
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slope near 1

premium intrinsic value

slope near 0

\
K

Figure 1.6: Delta

As can be seen from the figure, when the call is far in the money, a change in the
underlying will produce an approximately equal change in the value of the call
and so the delta is close to 1. On the other hand, if the call is far out of the
money, a change in the underlying price will make little difference to the value
of the option and so the delta is close to 0.

Another relevant Greek is called the beta. This is a measure of the change in the
underlying price with respect to the market in general. A large beta indicates an
underlying stock whose price is highly volatile; that is, subject to large rapid
fluctuations. Stocks with large betas generally have more expensive options,
because there is a greater chance that such options will become valuable (but
also a greater chance that they will become worthless).

Selling Short

Short selling a stock is pictured in Figure 1.7 and proceeds as follows. Suppose
an investor (the short seller) wants to short 100 shares of stock ABC. The
investor requests the short sale from his broker. The broker locates a buyer for
the stock and must also locate 100 shares of the stock, either in its own
inventory, in one of its other client’s accounts or at another institution.
(Brokerage firms often have the right to borrow stocks held by their clients in a
margin account.) The stock is borrowed from the lender and sold to the buyer.
The proceeds of the sale are credited to the short seller’s account. However,
some brokers do not allow the funds to be withdrawn or to collect interest.
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Receives cash

from buyer
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Figure 1.7

For this privilege, the short seller must return the stock to the lender upon
demand. The short seller can close the short position, also called unwinding the
short position at any time by purchasing the shares and returning them to the
lender. The buyer of the shares is generally indifferent to these proceedings,
unaware that his shares came from a short sale. The lender is also indifferent to
the short sale. Indeed, the lender can still sell his stock even though it is
technically part of a short sale, since the broker generally has sufficient shares to
deal with this situation.

If the stock being shorted pays a dividend after the short sale, the buyer of the
stock, who is the owner of record, will receive that dividend. On the other hand,
the lender of the shares is also entitled to the dividend. Therefore, the short
seller must pay an amount of money equal to the dividend to the lender.

As an aside, the practice of naked short selling is one in which the short seller
receives the proceeds of a fictious sale of stock that is never actually located,
borrowed or sold. The sale remains “open” until the seller (or broker) eventually
does borrow the shares. This practice is illegal in the United States, but does
seem to occur nonetheless.

As with short calls, selling a stock short incurs a potentially unlimited downside,
unless the seller also owns shares of the stock with which to cover the inevitable
return of the borrowed stock. Figure 1.8 shows the profit curve for a short sale of
stock, as well as the profit curve for a long position.
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Profit Profit
S

Stock Stock
s Price s Price
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Figure 1.8: Profit curves for short and long stock positions

Exercises
1.  Without looking in the book, draw the profit curves for a long put, short put,
long call and short call.
2. Draw the payoff graph for the following option portfolio
—Pyo + Proo + 2C130 — Ciso
3. Describe an option portfolio that produces the payoff curve in the following

figure, ignoring costs. (Assume that you can buy any number of options).

VAR

U T T T
‘ 100 105 150 170

A spread is a transaction in which an investor simultaneously buys one option
and sells another option, both on the same underlying asset, but with different
terms (strike price and/or expiration date). A call spread involves the purchase
and sale of calls, and similarly for a put spread. The idea is that one option is
used to hedge the risk of the other option.

4.

In a bull call spread, the investor buys a call at a certain strike price K; and
sells another call at a higher strike price K, with the same expiration date.
Draw the profit curve for a bull spread. When is a bull spread most
profitable? Is this an optimistic or pessimistic investment? Hint: you must
first decide how the costs of the two calls compare.

In a bear call spread, the investor buys a call at a certain strike price K,
and sells another call at a lower strike price Ko, with the same expiration
date. Draw the profit curve for a bear spread. When is a bear spread most
profitable? Is this an optimistic or pessimistic investment? Hint: you must
first decide how the costs of the two calls compare.

In a calendar spread also called a time spread an investor sells a call with
a certain expiration date 1D and buys a more distant call; that is, a call with
a longer expiration date Dy > D;. Assume that the calls have the same
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strike price. Consider the following calendar spread. The current (JAN)
price of XYZ is $50. Call prices are as follows:

APR 50 call: (expiring in April at a strike price of $50) costs $5
JUL 50 call: $8
OCT 50 call: $10

Suppose that in 3 months (in April) the stock price is still $50. Then if all
things else are equal the call prices should be

APR 50 call: $0 (expiring)
JUL 50 call: $5
OCT 50 call: $8

Is there a profit here for the investor? Describe the reason.

A butterfly spread is a combination of a bull spread and a bear spread. A
call butterfly spread consists of buying a call at strike price K, selling two
calls at strike price K> > K; and buying another call at strike price
K3 > Ks. All calls have the same expiration date. Draw a profit curve for a
butterfly spread. Hint: They don’t call it a butterfly spread for nothing.



Chapter 2
An Aperitif on Arbitrage

An arbitrage opportunity is an investment opportunity that is guaranteed not to
result in a loss and may (with positive probability) result in a gain. We have
remarked that if an arbitrage opportunity exists, then prices will be adjusted to
eliminate that opportunity. This leads to the fundamental:

No-arbitrage Pricing Principle: As a consequence of the tendency to an
arbitrage-free market equilibrium, it only makes sense to price assets under the
assumption that there is no arbitrage.[]

Forward Contracts

To give a simple example of how the no-arbitrage pricing principle is used to
price assets, we discuss the pricing of forward contracts, beginning with some
background on forward contracts.

Forward Contracts

A forward contract is an agreement to buy a certain quantity of an asset, called
the underlying asset at a given price K, called the settlement price or delivery
price to be paid at a given time 7' in the future, called the settlement date or
delivery date. Entering a new forward contract does not require any initial
purchase price—it is free.

The party that agrees to buy the asset is taking the long position on the contract
and is said to be the buyer of the contract. The party that agrees to sell the asset
is taking the short position on the contract and is said to be the seller of the
contract.

Forward Prices and Delivery Prices

We have said that there is no cost to enter into a new forward contract. However,
for an existing contract, there may be a fee (or a credit).
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Consider a forward contract with delivery time 7'. At any time ¢ < I, one can
potentially enter into such a contract. The delivery price of the contract was
fixed when the contract was first made, but as market prices fluctuate, the price
that buyers will be willing to pay for the underlying for delivery at time 7" will
probably change. Put another way, the delivery price for a new contract may be
different from the delivery price of the older contract. The forward price I} 1 at
time ¢ is the price for a new contract, established at time ¢. Thus, an existing
forward contract whose delivery price is different from the current (time-t)
forward price F; 7 will have a nonzero value.

For example, suppose that on July 1 the delivery price of a contract to deliver
5000 bushels of wheat on October 1 is $1.70 per bushel. Suppose that on August
1 the delivery price of a new forward contract for delivery on October 1 is $1.80
per bushel. Then the original contract is worth $0.10 x 5000 = $500.

Spot Prices

In contrast to forward prices, the spot price .S; of an asset at a given time ¢ is the
price of the asset at that time for immediate delivery. For example, we can speak
of the current spot price of a bushel of wheat. We can also speak of the spot
price of wheat in one month. This is the price that investors would pay in one
month for immediate delivery at that time. Of course, at the present time, this
spot price is unknown.

The Pricing of Forward Contracts

To determine the forward price of a forward contract, we can use a simple no-
arbitrage argument. First, we need a definition. To cash-and-carry an asset
means to borrow the cost of the asset and buy that asset. The resulting portfolio
consists of the asset along with a debt equal to the initial cost of that asset. Note
that the initial value of the portfolio is 0, since the two components balance each
other out at the time of purchase. Thus, establishing a cash-and-carry portfolio is
free. Of course, as time passes, the value of the portfolio will generally change.
In particular, the debt will grow at the risk-free rate and the value of the asset
will generally change as well.

The short position that corresponds to cash-and-carry is to borrow the asset, sell
it and invest the resulting revenue at the risk-free rate. This position is referred to
as reverse cash-and-carry. In the case of an option, however, reverse
cash-and-carry involves simply selling the call and investing the proceeds (no
need to borrow a call). Thus,

Cash-and-carry = Borrow money, hold asset
Reverse cash-and-carry = Borrow and sell asset, hold money

Now suppose that a forward contract is for an underlying that has initial spot
price Sp.
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In a perfect market, it is possible to go long or short on either the forward
contract or on a cash-and-carry portfolio on the underlying asset. The final
payoffs at the delivery time 7" for the long positions are

Vr(long forward contract) = St — Fyr
Vr(cash-and-carry the asset) = Sp — Spe’”

For example, in the case of cash-and-carry, at time 7" the investor owns the asset,
worth S7 but must repay the loan with interest, at a cost of Spe™ where 7 is the
risk-free rate. Of course, the final payoffs for the short positions are the
negatives of the payoffs for the corresponding long positions.

Now, if an investor shorts the forward contract and cash-and-carries the asset,
the initial cost is 0 and the final payoff is

Vr = (For — St) + (St — Soe™) = Fyr — Spe'™”

which is a known constant at time 0; that is, it does not depend on the spot price
St of the asset at a future time. Hence, it must be 0 or else there will be an
arbitrage opportunity, for if Vr > 0, then this portfolio provides a guaranteed
profit and if Vr < 0, then the reverse portfolio (long the forward contract and
reverse cash-and-carry the asset) provides a guaranteed profit. Hence, the
absence of arbitrage demands that the forward contract be priced at

F()’T = S()@TT

Theorem 2.1 In a perfect market with no arbitrage, a forward contract to buy
an asset with initial spot price Sy at delivery time T has forward price

FO,T = S()BTT
where r is the risk-free interest rate.[]

Futures Contracts

In contrast to plain-vanilla forward contracts as described above, a futures
contract is a forward contract with a number of constraints and a much more
complicated payoff model. The main properties of futures contracts are as
follows.

1) Futures contracts trade on an organized exchange. For example, the Chicago
Board of Trade (CBT or CBOT) is the largest futures exchange.

2) Futures contracts have standardized terms, specifying the amount and
precise type of the underlying, the delivery date and the delivery price.

3) As with stock options, performance (delivery of losses or gains) of futures
contracts is guaranteed by a clearinghouse.

4) The purchase of a futures contract requires that the buyer post margin; that
is, some amount of money to cover potential day-to-day price changes.
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5) Futures markets are regulated by a government agency, whereas forward
contracts are largely unregulated.

6) Futures contracts can be closed (terminated) either by delivery, by offset
(that is, by a reversing trade that cancels both contracts) or by exchange-for-
physical (which is a form of “settle up early” arrangement).

The forward price f;r of a futures contract is called the futures price of the
contract.

Daily Settlement

Unlike forward contracts, which are settled at the end of the contract, futures
contracts undergo daily settlement, also called daily marking-to-market. For
end-of-day settlement, at the end of each day’s trading, the difference d in the
futures prices at that time and at the close of the previous day’s trading is
computed. If d > 0, then the owner of the futures contract has actually made d
dollars, since the contract would be worth d dollars to someone who wanted to
buy such a forward contract. Hence, the amount d is credited to the owner’s
account. Similarly, if d < 0, then |d| is debited from the owner’s account. The
reverse process applies to the seller of the futures contract.

Through the mechanism of daily settlement, at the end of any day after the start
of a contract (say time 0), the buyer and seller of a futures contract are on the
hook only for an amount equal to the original futures price for. Hence, the
futures contract itself takes care of protecting the brokerage house for this
commitment.

Since daily settlement provides a payment stream to the investor, the time value
of money comes into play for a futures contract. However, if the risk-free rate is
a known constant r throughout the model, then a simple no-arbitrage argument
can be used to show that the forward price Iy 1 and the futures price fo 7 for the
same underlying with the same settlement date must be equal. For readability in
the upcoming computation, we drop the subscript notation and write £'(0,7") in
place of Iy and f(0,7') in place of fo 7.

Theorem 2.2 [f the risk-free rate is a known constant v throughout the model,
then the absence of arbitrage implies that the forward price F(0,T) and the
futures price f(0,T) must be equal; that is, marking to market has no effect on
the price of a contract to purchase in the future.

Proof. We consider two portfolios, one involving simply a forward contract and
the other involving futures contracts. The final value of the first portfolio; that is,
of a forward contract entered at time ¢ = ¢ is

Vi :ST—F(07T)

where St is the spot price of the underlying at time 7.
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For the portfolio of futures contracts, we will let the mark-to-market credits or
debits grow at the risk-free rate and also adjust the amount of the futures contract
held for each day by buying and selling portions of the contract, as can be done
under the assumption of a perfect market.

Let ¢; be the end-of-day settlement time for the ith day, where : = 1,..., N. For
the moment, we denote the quantity of futures contracts held on the ith day by g;.
We will determine the precise value of ¢; in a few moments. At time ¢;, the
mark-to-market adjustment is

@[f(tistn) — f(tior, tw)]

where tp = 0 and ¢ty = T'. This grows at time ¢y to

qierm’*m[f(ti, tn) = f(ti-1,tn)]

Adding these quantities gives a final value of
N
Vo= qie” T (i, tn) = [, )]
i=1

Now, if we take ¢; = e~"("*=%)_then this sum collapses to
Vo = f(tn,tn) — f(to, tn) = ST — f(0,T)
Note that the difference in the final values of the two portfolios is the constant
Vo=V = F(0,T)— f(0,7)

that is, it does not depend on future spot prices. Hence, since both portfolios
have the same initial value (namely 0), the no-arbitrage principle implies that
Vs — V) = 0; that is,

F(0,T) = f(0,T) o

The Put-Call Option Parity Formula

We can also apply the no-arbitrage pricing principle to derive relationships
between the market prices of puts and calls in the same series; that is, with the
same underlying, the same strike price and the same expiration date. The put-call
option parity formula is a formula that compares the price P of a put to the price
C of a call from the same series.

The European Case

Suppose that a stock is currently selling at a price of Sy per share. A European
put on this stock sells for P dollars and a European call sells for C' dollars. Both
options having the same strike price K and expiration time 7. Suppose also that
the present value of any dividends paid by the stock during the period in
question is dy. Let r denote the risk-free rate.
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A portfolio consisting of one long European call and one short European put has
initial value C' — P and time-1" payoff

(Sr—K)' — (K —Sp)" =S — K

To duplicate this final payoff using stock, consider a portfolio consisting of a
share of the stock and a debt of x dollars. This portfolio has initial value Sy — x
and final payoff St — ze™ + dye’”. We want the final payoffs to be the same;
that is, we want

Sy —xe’l +doe’t = S — K

and so x = Ke " + dj. Since the final payoffs are now the same, the absence
of arbitrage implies that the initial values must be the same; that is,

C—-P=5Sy,—Ke ™ —d,

This is the put-call option parity formula.

Theorem 2.3 (European Options with Dividends) Suppose that a stock is
currently selling at a price of Sy per share. A European put on this stock sells
for P dollars and a European call for C dollars, both having the same strike
price K and expiration time 'T'. Suppose that the present value of any dividends
paid by the stock during the period in question is dy. Then the no-arbitrage
pricing principle implies that

C—-P=5Sy—Ke ™ —d,

where r is the risk-free interest rate. This formula is called the put-call option
parity formula for European options.C]

The American Case

For the case of American options, we can only get inequalities. We use the same
notation as in the European case. Let Portfolio A consist of a long American call
and a short American put. The initial value is

Vap=C—-P
As to the final value, if the put is never exercised (that is, if it expires worthless),
it is because the stock price St is greater than the strike price K and so the final
value of the portfolio is the value S — K of the call. If the put is exercised at

time ¢, forcing us to buy the stock for K dollars and if we let the call expire, then
the final value is

VA,T =Sr— KeT(T_t)

Since we have no control over the time ¢, the best we can say is that
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ST—KeTTSVAjSST—K

Now, let Portfolio B consist of the stock along with a debt of K ¢~ The initial
value is

VB,() =S5y — KeT
and the final value is
VB,T =Sr— K+ doerT

Therefore, since V47 < Vp 1, the no-arbitrage assumption implies that the initial
costs must satisfy V4o < Vp; that s,

C—-P<S—Ke
This is one of the put-call option parity inequalities for American options.
For the other inequality, let Portfolio C consist of the stock along with a debt of
K + dy. The initial value is

Veo=S0— K —dp
and the final value is
Vor = St — Ke'h —doe’” + dpe™ = Sp — Ke™*

and since Vo r < Va7, we have Voo < Vg5 that is,

So—K—-dy<C-P
This is the other put-call option parity inequality for American options. We can

Nnow sumamrize.

Theorem 2.4 (American Options with Dividends) Suppose that a stock is
currently selling for Sy per share, an American put on this stock sells for P and
an American call sells for C, both having the same strike price K and
expiration time T'. The present value of any dividends paid by the stock during
the period in question is dy. Then assuming that no arbitrage occurs, we have

So—K—dy<C—-—P<8y—Ke T

where r is the risk-free interest rate. This is called the put-call option parity
formula for American options.(]

Comparing Option Prices

Since an American option provides all of the features of a corresponding
European option and more, it seems obvious that American options should not
be less expensive than their European counterparts. In symbols,
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cA cE, pA pE

It is not hard to see that it is possible for the price of an American put to exceed
the price of its European counterpart. The idea is that early exercise of the
American put can turn a share of stock into a certain amount of risk-free asset,
which grows at the risk-free rate r. Therefore, if that rate is sufficiently high, the
profit can be higher than that of the European put, which is limited by the strike
price K (when the stock price plummets to 0).

Specifically, exercising an American put at time ¢ and investing the resulting
K — S; dollars at the risk-free rate r produces a profit of (K — S;)e" ") and so
if

(K - S)e'™ > K
that is, if the time-t stock price satisfies
S; < K(1 —e )

then this plan is guaranteed to produce a greater profit than that of the
corresponding European put.

On the other hand, it is a perhaps somewhat surprising fact that it is never
advantageous to exercise an American call on a nondividend paying stock before
expiration.

To see this, suppose first that the call is exercised at time ¢ < 7' with the
intention of retaining the stock until time 7. Then it would be preferable to wait
until time 7" to exercise the call, since the cost K is the same in both cases but it
is better to pay that cost at the later time.

On the other hand, suppose that the call is exercised at time ¢ < 7' with the
intention of selling the stock. An alternative is to short the stock at time ¢. Then
at time 7', the call is exercised and the stock is used to unwind the short position.
In the first case, the investor receives S; — K dollars at time ¢. In the second
case, the investor receives S; dollars at time ¢ and pays K dollars at time 7.
Once again, it is better to pay the fixed amount K at the later time.

Exercises

1. If the underlying asset of a forward contract provides a dollar income during
the life of the contract, then the long investor in the contract will lose out on
this income and the cash-and-carry investor will get the income. This affects
the previous no-arbitrage argument. In this situation, show that

FO,T = (So — I)erT

where [ is the present value of the income.
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We have seen that in the simplest case of a forward contract that does not
produce an income, the nonarbitrage forward price at time 0 is

FO,T = S() erT

However, we derived this formula under the very idealistic assumption of a
perfect market. Let us examine what happens if this restriction is lifted. In
particular, suppose that the lending and borrowing rates are different, as is
almost always the case in real life. Let the lending rate for the investor be 7
and the borrowing rate be 3, where 7, < 7. Show that the assumption of no
arbitrage implies that

Spem < For < Spem”

Hint: To avoid arbitrage, both strategies must yield a nonpositive payoff.
The upper and lower bounds given in this exercise are called no-arbitrage
bounds and the range of values of the future price that is implied by the
absence of arbitrage is the no-arbitrage spread. Thus, in the absence of a
perfect market, the lack of arbitrage implies that the future price can lie
anywhere within a range of values.

Prove by an arbitrage argument that the initial value of a European or
American call is less than the initial price of the stock; that is,

cP <S8, and C4< S,
Prove the following by an arbitrage argument

PP <Ke™ and PA<K

Prove that
Ke ™ +dy—PE<Sy<Ke ™ +dy+CF
Prove that
So— K < C4
K — S, < P4

Prove that if a stock pays a dividend whose present value is d, then
Ke ™ +dy— Sy <P

where P is the price of a put.
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Chapter 3
Discrete Probability

Financial asset pricing involves the prediction of future events and as such relies
very heavily on the mathematical theory of probability. In this chapter and the
next, we describe the basic probability required for the study of discrete-time
pricing models.

Partitions

Our discussion of pricing models will also rely heavily on the concept of a
partition of a set, so we begin this chapter with a detailed look at partitions, after
which we will return to the subject of probability.

Definition Ler 2 be a nonempty set. Then a partition of ) is a collection
P ={B,...,B,} of nonempty subsets of §), called the blocks of the partition,
with the following properties:

1) The blocks are pairwise disjoint; that is,

BiNB; =10

forall i # j.
2) The union of the blocks is all of §); that is,

BiU---UB,=%Q
We denote the set of all partitions of X by Part(X).O

Figure 3.1 shows a partition of a set (2.
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Figure 3.1: A partition of Q)

Refinements

If we further divide some of the blocks of a partition into smaller blocks, the
resulting partition is called a refinement of the original partition. Here is the
formal definition.

Definition Let P = {Bi,..., By} be a partition of a set Q. Then a partition
Q9 ={C,...,C,} is called a refinement of P, written P > Q, if each block C;
of Q is completely contained in some block B; of P or, equivalently, if each
block of P is a union of blocks of Q.00

Note that according to the definition a partition P is a refinement of itself. All
other refinements of P are formed simply by breaking up one or more blocks of
‘P into smaller blocks.

Figure 3.2 shows a refinement Q = {C4,...,C7} of the partition in Figure 3.1.
Note that

B = CiUC,

By =C3UC,UCs
B3 = Cg

By =Cq

and so each block of Q is completely contained in some block of P.

Figure 3.2: A refinement of the partition in Figure 3.1

The relation of refinement is actually a partial order on the family of all
partitions of a set {). Specifically, we have the following, whose proof is left to
the reader.



Discrete Probability 43

Theorem 3.1 Let Q) be a nonempty set. The relation of refinement is a partial
order on Part(QY); that is, it satisfies the following properties.
1) (Reflexive property) Every partition is a refinement of itself; that is,

PP

Sforall P € Part(€2).
2) (Antisymmetric property) For all P, Q € Part(Q),

P=Q and QP = P=Q
3) (Transitive property) For all P, Q,R € Part(),
P-Q and Q>R = P+R O

Algebras

As mentioned, partitions play a very important role in the study of discrete-time
pricing models. An equivalent concept is that of an algebra. Although we will
not use algebras directly in our analysis of discrete-time pricing models, we want
to discuss them very briefly here because they provide a helpful bridge to o-
algebras, which we will need for the analysis of continuous-time pricing models
later in the book.

Definition Let §) be a nonempty set. A collection A of subsets of Q) is called an
algebra of sets (or just an algebra) if it satisfies the following properties:
1) (Empty setis in A)

peA
2) (A is closed under complements)
AcA = A°cA
3) (A is closed under unions)

A Be A = AUBeA O

It is not hard to show that any algebra of sets is closed under intersections and
set differences as well; that is,

A BeA = ANBeA and A\BecA

(Recall that A\ B is the set of all elements of A that are not in B.) Also, the
entire set € is a member of the algebra, since 2 = ()°. The following concept
makes precise the notion of the “smallest” nonempty sets in an algebra A.

Definition Let A be an algebra on a set §). An atom of A is a nonempty set
S € A with the property that no nonempty proper subset of S is also in A. We
denote the set of all atoms of A by Atoms(A).O
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It seems reasonable that every member of an algebra on a finifte set ) is a union
of atoms of .A. Here is the proof.

Theorem 3.2 Let A be an algebra on a finite set ).

1) Every w € € is contained in some atom of A.

2) If Ais an atom of A and B € A, then exactly one of the following must
hold:

ANB=0 or ACB

In words, every atom of A is either disjoint from B or contained in B.
3) Every B € A is a union of atoms of A.
Proof. For part 1), as pictured in Figure 3.3, let / be the intersection of all
members of A that contain w. (There is at least one member of A containing w,
namely, € itself.)

Figure 3.3

Then w € I € A. To see that [ is an atom, suppose not. Then there is a B € A
that is a nonempty proper subset of I. But w ¢ B since otherwise B would have
been part of the intersection that defined / and so [ C B, which contradicts
BCI.Butwe T\ BeEAandsince I\ B is strictly smaller than I, we have a
contradiction. Thus, [ is an atom containing w.

For part 2), the intersection AN B € A is contained in the atom A and so
ANB=0or ANB=A; that is, AN B =0 or A C B. For part 3), part 1)
implies that every w € B is contained in some atom A, C B. Hence, part 2)

implies that
B=|JA.

weB
that is, B is the union of the atoms.[]
Partitions and Algebras

For finite sample spaces, the notions of partition and algebra are equivalent. In
particular, starting with a partition P of 2, we can generate an algebra A(P) of
sets simply by taking the empty set along with all possible unions of the blocks
of P. The reverse is also possible: Starting with an algebra of sets on a finite
sample space (), the family of all atoms of P is a partition of €).

Theorem 3.3 Let Q) be a nonempty finite set.
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1) For any partition P of Q) the set Unions(P) consisting of the empty set
along with all possible unions of the blocks of P is an algebra, called the
algebra generated by P.

2) If A is an algebra on S, then the set Atoms(A) of all atoms of A is a
partition of ), called the partition defined by A.

Proof. We leave proof of part 1) to the reader. For part 2), let A be an algebra.

To see that Atoms(.A) is a partition of 2, note first that atoms are nonempty by

definition. Also, part 2) of Theorem 3.2 implies that distinct atoms are disjoint

and part 1) of that theorem implies that the union of all atom of A is 2. Thus,

Atoms(.A) is a partition of Q.00

Theorem 3.3 defines correspondences
P — Unions(P) and A — Atoms(.A)

from partitions to algebras and from algebras to partitions. In fact, these
correspondences are inverses of each other (and are therefore one-to-one).

To see this, suppose that P is a partition of 2. Then the smallest members of the
algebra Unions(P) are certainly the blocks of P themselves; that is,
Atoms(Unions(P)) = P

(An individual block A € P is a “union” of blocks of P, namely the union of the
family {A}.) On the other hand, if A is an algebra on (2, then all elements of A
are unions of atoms of A; that is,

Unions(Atoms(A)) = A
This shows that the two correspondences are one-to-one and are inverses of each

other.

The next theorem strengthens the connection between partitions and algebras: It
says that the concept of refinement of partitions corresponds to set inclusion of
algebras.

Theorem 3.4 [f P and Q are partitions of (2, then
P> Q <«  Unions(P) C Unions(Q)

Proof. To say that P >~ Q is to say that every block of P is a union of blocks of
Q; that is,

P C Unions(Q)
But this is equivalent to

Unions(P) € Unions(Q) O
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Overview of Probability

We can now turn to the subject of probability.

Probability seems to have had its origins in an effort to predict the outcome of
games of chance and is generally considered to have begun as a formal theory in
a series of letters between the two famous mathematicians Blaise Pascal and
Pierre de Fermat in the summer of 1654.

In the study of probability, the typical scenario is that of an experiment, such as
rolling a pair of dice, administering a drug to a patient and recording a vital
statistic or predicting the future price of a stock. The key is that the experiment
must have a well-defined set of possible outcomes. This set is referred to as the
sample space of the experiment.

When the sample space is a finite set, any subset of the sample space is referred
to as an event. When an outcome occurs that is in a particular event, we say that
the event has occurred. Thus, for example, we have the event of getting a sum of
7 on the dice, the event that a patient’s systolic blood pressure drops to 110 after
receiving a drug or the event that a stock price rises by 10%.

Next, a method must be determined to measure the probability, or likelihood,
that various events will occur as a result of conducting the experiment. More
specifically, the probability of an event is a real number between 0 and 1 that
measures the likelihood that the outcome will lie in the event. A probability of 0
indicates that the event cannot occur (is impossible) and a probability of 1
indicates that the event is certain to occur.

The method that is used to determine these probabilities is not really part of the
subject of probability per se. Two approaches are common. One is simply to
assume the probabilities. For instance, consider the experiment of tossing a
single coin. Assuming that the coin is fair is equivalent to assuming that the
probabilities of heads and tails are both 1/2. These probabilities are referred to
as theoretical probabilities. Another approach is statistical in nature, using
empirical data to assign probabilities. For example, if a coin is flipped 10000
times and results in 5003 heads, we may decide to set the probability of heads
equal to 5003/10000. This probability is referred to as an empirical
probability.

The flavor of probability theory depends quite markedly on the size of the
sample space. The basic concepts of probability theory require far less
mathematical machinery when dealing with finite sample spaces, for in this case
probabilities can be assigned to individual outcomes in the sample space. As we
will soon see, all that is required is that the probabilities be numbers between 0
and 1 (inclusive) that add up to 1. Then the probability of an event is simply the
sum of the probabilities of the outcomes that lie in that event. The term finite
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probability theory is used to refer to the theory of probability on finite sample
spaces.

As an example, suppose that, based on market research, we decide that a certain
stock, currently selling at $100 per share, will be selling at either $99, $100 or
$101 by the end of the day. Thus, we have an experiment whose sample space
consists of the possible stock prices

0 = {99,100, 101}

Further, after research into the price history of the stock, we may decide to
assign empirical probabilities as follows:

P(99) = 0.25,P(100) = 0.5, P(101) = 0.25

In this case, the event that the price does not fall is {100, 101} and its probability
is P(100) + P(101) = 0.75.

For countably infinite sample spaces, probabilities can also be assigned to the
individual outcomes in the sample space. However, the issue of convergence of
an infinite sum now comes into play. The term discrete probability is used to
refer to the probability of finite or countably infinite sample spaces.

As an example of a discrete (but nonfinite) sample space, consider the
experiment of tossing a coin until the first heads appears and assume that the
probability of heads on any given toss is p. The outcome is the toss number of
this first heads. At the outset, we cannot confine the set of outcomes to any finite
sample space, because there is no way to tell in advance how many tosses will be
necessary before a heads appears. So the sample space must be the infinite set

Q=1{1,2,3,...}

of all positive integers. Indeed, one must argue (or assume) that a heads must
eventually appear, for if not then even this set does not represent all possible
outcomes.

In this case, the probability that the so-called waiting time to the first heads is k
is given by

PP(first heads at toss k) = (1 — p)*~1p

since the probability of tails is 1 — p. Note that

o 1
Z(l—p)k p:p;(l—p)k:pm =1

k1

The mathematics required for the study of probability on uncountable sample
spaces (such as the real line) is decidedly more sophisticated. For example,
imagine the stock in a company that is headed for bankruptcy. It is only a matter
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of time before the stock price is essentially 0. Let us call this the time to failure
of the stock. The waiting time for this event could, at least in theory, be any
positive real number (assume the stock trades 24 hours per day) so the sample
space is the set 2 of all positive real numbers, which is uncountable.

However, unlike the case of a discrete sample space, we cannot assign a positive
probability to each of uncountably many times to failure because the sum of
uncountably many positive numbers is never finite, let alone equal to 1. So we
must be content with assigning probabilities to certain “measurable” subsets of
the sample space, which are referred to as events. Thus, in general, when the
sample space of an experiment is uncountable, not every subset can qualify as an
event; that is, not every subset can be assigned a probability.

The most direct and elegant way to assign probabilities to events is to use a
Sfunction. Figure 3.4 shows how this might be done.

0.1 Days to

5 6 Failure

Figure 3.4: A probability density function

This figure shows the graph of a function that specifies the probability of failure
for any time interval. In particular, it is the area under the curve that specifies
the probability. For example, the probability that failure will occur sometime
between the 5th and 6th day is the area under the curve between the vertical lines
r =5 and x = 6, which is 0.1. This function is referred to as a probability
density function. Density functions are often used to specify probabilities in the
nondiscrete case. However, there are some rather complex probability measures
that cannot even be specified using a probability density function.

We will need only finite probability for our study of discrete-time pricing
models. So let us proceed to set down the basic principles of the subject of finite
probability. Since this is not a textbook on probability, we will tend to be brief,
covering just what we need for our purposes. We will discuss nondiscrete
(continuous) probability theory in Chapter 9.

Probability Spaces

We begin with the definition of a probability space.
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Definition A finite probability space is a pair (Q,P) consisting of a finite
nonempty set ), called the sample space and a real-valued function P defined
on the set of all subsets of (), called a probability measure on (). The function
P must satisfy the following properties.

1) (Range) Forall A C )

0<PA)<1
2) (Probability of Q)
P(Q) =1
3) (Additivity property) If A and B are disjoint, then
P(AUB) =P(A) + P(B)
In this context, all subsets of §) are called events. For each w € ) the event {w}

is called an elementary event. A probability measure P is strongly positive if
P(A) > 0 for all nonempty events A.01

As mentioned earlier, the sample space is intended to represent the set of all
possible outcomes of an experiment and the probability P({w}) represents the
likelihood that the outcome of the experiment will be w. On the other hand, this
is all intuition, not mathematics. Formally speaking, all we care about is that the
pair (€2, P) satisfies the definition given above.

Probability Mass Functions

The simplest way to define a probability measure on a finite sample space (2 is
just to specify the probability of all elementary events. Equivalently, we assign to
each of the elements w € 2 a number p,, satisfying 0 < p,, < 1 and for which

przl

we
Then we can define a probability measure P by setting
P{w}) = po
and extending this to all events by the additivity property; that is,
P(A) =) P({w})
weA

The set {p, |w € Q} is referred to as a probability mass or probability
distribution and the function f: 2 — R defined by

f(w)=p,

is called a probability mass function. (Do not confuse the term probability
distribution as it is used here with the term distribution function, which has a
different meaning that we will define in Chapter 9.)
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It is commonplace to denote the probability P({w}) simply by P(w) and we shall
do so as well. We emphasize that a probability measure is defined on all subsets
of the (finite) sample space, whereas a probability distribution is defined only on
the individual elements of the sample space.

Note that if each elementary event in € is equally likely; that is, if each outcome
has the same probability, then this probability is 1/|€2| and so the probability of
any event A is simply the size of A divided by the size of the sample space €2;
that is

P(A) = IﬂAll

Example 3.1 Studies of the price history of a certain stock over the last several
years have shown that, for the month of January, the probability that the stock
will reach a certain maximum value during the month is as follows:

P(0—4.99) = 0.65

P(5—9.99) = 0.2
P(10—14.99) = 0.1
P(15—19.99) = 0.04
P(20—24.99) = 0.01

What is the probability that the stock will reach $10 during the month? What is
the probability that the stock will be less than $5 or at least $20 sometime during
the month?

Solution The stock will reach $10 during the month if and only if the maximum
stock price during the month is at least 10. Hence

IP(price reaches 10)
= P(10—14.99) + P(15—19.99) + P(20—24.99)
=0.1+0.04+0.01 =0.15

Similarly,
P(price <5o0r  20) =P(0—4.99) + P(20 — 24) O
= 0.654 0.01 = 0.66

Probability theory tends to have its own vocabulary, even when it comes to
simple concepts like the disjointness of sets.

Definition When two events A and B are disjoint as sets; that is, when
ANB=0, we say that they are mutually exclusive. When a collection
{Ay, ..., An} of events satisfies
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ANA=0
for all i # j, we say that the collection is pairwise mutually exclusive. ]

Some easy consequences of the definition of probability space are given below.

Theorem 3.5 Let (2, ) be a finite probability space. Then
1) (Probability of the empty event)
P®)=0
2) (Monotonicity) For any events A and B,
ACB = PA) <PB)
3) (Probability of the complement) For any event A,
P(A°) =1—-P(A)

4) (Finite additivity) If the events A1, ..., A, are pairwise mutually exclusive,
then

P(A U UA,) = P(A) + - + P(4,) O

The Theorem on Total Probability

The following important theorem says that we can determine the probability of
an event F if we can determine the probability of that portion of F that belongs
to each block of a partition of the sample space ).

Theorem 3.6 (Theorem on Total Probability) Ler € be a sample space and let
{F1, ..., E.} be a partition of Q. Then for any event A in (,

= iP(AﬂEk)

k=1

Proof. Since the events I, are mutually disjoint, so are the events A N £, and
so finite additivity implies that the sum on the right above is equal to the
probability of the union of the sets A U Fj; that is,

ZPAﬂEk ( AUEk>
k=1

But

O(AuEk):AUOEk:AUQ:A 0
k=1
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Independence

Many experiments involve the repetition of a simpler experiment under identical
conditions. For example, we may toss a coin n times or draw a card from a deck
of cards n times, replacing the previously drawn card each time. The
mathematical concept that corresponds to the notion of identical conditions is
independence.

Intuitively speaking, two events are independent if the knowledge (or
assumption) that one event will happen does not affect the probability of the
other event happening. Thus, for example, if we toss a coin twice, the tosses are
independent if knowledge that the first toss resulted in heads (or tails) does not
affect the probability that the second toss results in heads (or tails). Thus, for a
sequence of 100 independent tosses of a fair coin, if the first 99 tosses result in
heads (admittedly a very unlikely event), then the probability that the 100th toss
is heads is still 1/2. Many amateur gamblers would do well to remember this
fact.

We will be able to make the statement about previous knowledge precise when
we discuss conditional probability in the next chapter. For now, we can state the
formal definition of independence as follows.

Definition The events E and F on the probability space (,P) are
independent if the probability that both events occur is the product of the
probability of each event; that is, if

P(ENF) = P(E)P(F) O

For example, suppose that a certain stock can move up or down in price over a
day and a certain bond can do likewise. If we assume that the actions of the stock
and the bond are independent, then

P(stock up and bond down) = P(stock up)P(bond down)

We can also define independence of a collection of events.

Definition The collection of events {E,...,E,} is independent if for every
subcollection {E;,, ..., E;,} consisting of at least two of these events, we have

P(E;, NN Ey,) = P(E;,)-- P(E;,) O

Note that to check whether or not 3 events A, B and C' are independent, we must
check 4 conditions:
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P(AN B) = P(A)P(B)

P(ANC) = P(A)P(C)

P(BNC) = P(B)P(C)
P(ANBNC) = P(APB)PC)

In general, to check that a collection of k events is independent, we must check a
total of 2 — k — 1 conditions, since this is the number of subcollections of the k
events that contain at least two events. Thus, the number of conditions grows
very rapidly with the number of events.

We will also have reason to consider families of collections of events; for
example,

C1 = {Ey, By, B3}, Co={FEy, Es}, C3={Es}

is a family of 3 collections of events. We can extend the definition of
independence to such families as follows.

Definition The collections Cy,...,Cy of events are independent if for every
choice of one event E; € C; from each collection, the events F,..., Ey are
independent.[]

The Binomial Distribution

The simplest type of meaningful experiment is one that has only two outcomes.
Such experiments are referred to as Bernoulli experiments, or Bernoulli trials.
The two outcomes are often described by the terms success and failure and the
probability of success is often denoted by p and the probability of failure by

q=1—np.

For example, tossing a coin is a Bernoulli experiment, where we may consider
heads as success and tails as failure. As a more relevant example, we will
consider a derivative pricing model in which at any given time ¢, the price of a
certain stock may rise from its previous value S to Swu or it may fall from its
previous value S to Sd, where 0 < d < 1 < u. Thus, at each time ¢; we have a
Bernoulli experiment.

If a Bernoulli experiment with probability of success p is repeated n times under
identical conditions, this is called a binomial experiment with n trials. The
sample space for this experiment is the set 2 = {s, f}" of all sequences of s’s
and f’s of length n, where s stands for success and f for failure. The
parameters of the binomial experiment are the probability p of success and the
number n of trials.
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Assuming that the conditions are identical is equivalent to assuming that the
outcomes of the trials are independent; that is, the outcome of the first k trials
does not affect the outcome of the (k + 1)-st trial.

For example, tossing a coin 7 times is a binomial experiment. Drawing a card n
times, where success is the drawing of an ace, is a binomial experiment provided
that we replace each card before drawing the next card. This is necessary since
we must repeat the same binomial experiment each time.

The assumption that the individual Bernoulli trials in a binomial experiment are
independent leads us to define a probability distribution on 2 = {s, f}" by

P(w) = pNs(w)qn—Ns(w)
where ¢ = 1 — p and where N (w) is the number of successes in w. For instance,
P(ssfsf) = p’q’
To see that this defines a probability distribution, first we observe that
0<Pw)<1

forany w € {s, f}".

To see that the sum of the probabilities is 1, note that the outcomes with exactly
k successes are the sequences of s’s and f’s of length n that have exactly k s’s.
But the number of such sequences is the same as the number of ways to choose k

positions from n for the s’s and this is the binomial coefficient (Z) Hence, the
probability of having exactly k successes is

(D

and so by grouping according to the number of successes, we get
" /n
P _ ( ) kon—k _ n_1
> Pw) Z )P (p+q)
weN k=0

Thus, P is a probability measure and so defines a probability space (€2, IP).

Theorem 3.7 Consider a binomial experiment with sample space Q = {s, f}"
and parameters p and n. Let g = 1 — p. For any w € €, let

N(w) = number of s’s in w
1) The function
P(w) _ pNs(w)qans(w)

is a probability distribution on €.
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2) The probability of getting exactly k successes is

P(exactly k successes) = (Z) g r g

Example 3.2 Consider a stock whose price can change at any one of 6 times
to <t <---<ts

Suppose the stock’s initial price at time %y is S. During each time interval
[tk, tk+1], the stock price goes up by a factor of u or down by a factor of d, where
0 <d <1 <wu, independently of the previous changes in the price. The
probability that the stock price goes up is p. Thus, for each time interval we have
a Bernoulli experiment with probability of success p and the entire price history
is a binomial experiment with parameters p and n = 5.

A typical outcome of this experiment can be written as a sequence of U’s and
D’s of length 5 and so the sample space is the set

Q= {U,D})°

The probability of having exactly 3 up-ticks in the stock price is thus

5

The probability of having at least 3 up-ticks in the stock price is the sum of the
probabilities of having exactly 3, 4 or 5 successes, which is

5\ . 5 5 ‘
(3)p‘3q2 + (4)p4q+ <5>p5 = 10p°¢* + 5p*q + p°

so if p = 1/2, then this probability is

1\’ /1)’ 1\*/1 1\’ 1> 1
10( = — 5( = - -] =16(=-) == O
(2) ) =) G+ (5) = (2) =
The probability distribution described in the previous example and theorem is
extremely important.

Definition Ler 0 < p < 1 and let n be a positive integer. Let 2 = {0,...,n}.
The probability distribution on ) with mass function

n —

b(k;n,p) = (k)p’“(l —p)"*
for k =0,...,n is called the binomial distribution. This distribution gives the
probability of getting exactly k successes in a binomial experiment with

parameters p and n.O]

Figure 3.5 shows the graph of two binomial distributions.
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02 b(k;12,0.5) b(k;12,0.75)
0.2

0.1
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Figure 3.5: Binomial distributions

Conditional Probability

It is often the case that after a probability space (£2,P) has been established,
additional information becomes available about the possible outcomes of the
experiment under consideration. This information comes in the form of
knowledge that future outcomes must lie in an event £. This new information
can be used to define a new probability measure on €2, denoted by P( - | E') and
called a conditional probability measure.

Definition Let (2, IP) be a probability space. Let E be an event with P(E) > 0.
Then for any event A, the conditional probability of A given F is defined by

P(ANE)

P B) = =5

O
The symbol P(A | E) is read “the probability of A given E.” We do not define
conditional probability when P(£) = 0, for it makes little sense to ask about a
probability conditioned upon the occurrence of an impossible event.

Example 3.3 Consider the experiment of drawing two cards at random from a
deck of cards without replacing the first card before drawing the second card.
What is the probability of drawing a spade on the second card given that the first
card is a heart? What is the probability of drawing a spade on the second card
given that the first card is a spade?

Solution The sample space consists of the set of all ordered pairs (c1, c2), where
c1 is the first card drawn, ¢ is the second card drawn and ¢; # c¢». Let S be the
event of drawing a spade on the second card and let / be the event of drawing a
heart on the first card. We seek the conditional probability

P(S N H)

B(S | H) = —5

Now, P(H) = 13/52 = 1/4 and
1Bx13 1 13

= — X —
52 x 51 4 51

P(S N H) =

and so
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13
B(S | H)=

For the second problem, let A be the event of drawing a space on the first card.
Then

P(SNA) 13x12 /1 12

PS5 ]A) = P(A)  52x51/ 4 51

O

Conditioning on an event defines a new “conditional” probability measure on 2.

Theorem 3.8 Let (£2,P) be a finite probability space and let I£ be an event for
which P(E) > 0. Then the function P(- | E) defined above is a probability
measure on ) for which P(E | E) = 1.

Proof. Monotonicity of IP implies that

0<P(ANE) < P(E)

and so
0<PA|E)<1
Also
_POQNnE) PWE)
POND="5m) ~ B

Finally, if AN B = () then since AN F and B N E are also disjoint, we have

P((AUB) N E)

P(E)
P((ANE)U(BNE))
P(E)

_ P(ANE)+P(BNE)
; P(E)
_P(ANE)  B(BNE)
P(E) P(E)
=P(A|E)+P(B|E)

P(AUB | E) =

and so P(- | F) is finitely additive.d

The theorem on total probability takes on a nice appearance using conditional
probabilities.

Theorem 3.9 (Theorem on Total Probability) Ler € be a sample space and let
Ey, ..., E, form a partition of Q for which P(E})) > 0 for all k. Then for any
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event Ain ),

Random Variables

In finite probability theory, real-valued functions also have a special name.

Definition A real-valued function X:§) — R defined on a finite sample space §)
is called a random variable on ). The set of all random variables on §) is
denoted by RV (). O

For finite probability spaces, a random variable is nothing more or less than a
real-valued function. However, as we will see in Chapter 9, for nondiscrete
sample spaces, not all real-valued functions qualify as random variables.

If X is a random variable, it is customary to denote the inverse image of a set B
under X not by X ~(B), as for ordinary functions, but instead by

{X e B}
Also, instead of writing X ~!(z) it is customary to write

{X =2}
Example 3.4 Let

0 =1{0.5,0.75,1,1.25,1.5,1.75}

be a sample space of possible federal discount rates. (The federal discount rate
is the interest rate that the Federal Reserve charges member banks to borrow
money from the Federal government, through the so-called discount window.)

Consider a company whose stock price tends to fluctuate with interest rates. The
stock prices can be represented by a random variable S on €). For example

5(0.5) = 105
5(0.75) = 100
5(1) = 100
5(1.25) = 100
5(1.5) =95
S(1.75) = 90

The event {S =100} is the event consisting of the discount rates
{0.75,1,1.25}; that is,

{S =100} = {0.75,1,1.25} 0
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Example 3.5 Consider the experiment of rolling two fair dice and recording the
values on each die. The sample space consists of the 36 ordered pairs

0={(1,1),01,2),(1,3),...,(6,4),(6,5),(6,6)}
Since the dice are fair, each ordered pair is equally likely to occur and so the
probability of each outcome is 1/36.
However, for some games of chance, we are interested only in the sum of the two
numbers on the dice. So let us define a random variable S: ) — R by
S(a,b)=a+b
The event {S = 7} of getting a sum of 7 is
{5 =71 ={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}
and

1
P(sumequals 7) = P(S =7) = % = O

The set RV(Q) is a vector space under ordinary addition and scalar
multiplication of functions. Thus, if X and Y are random variables on {2 and
a,b € R then

aX +bY

is a random variable on 2. Also, the product XY of two random variables on {2,
defined by

(XY)(a) = X ()Y ()
is a random variable on ().
Indicator Random Variables

As shown in the previous example, random variables are used to identify events,
such as {X =z} and {X € B}. Given an event A, there is a random variable
that identifies A specifically.

Definition Let A be an event in §. The function 14 defined by

1 weA
1A(w)_{0 w%A

is called the indicator function or indicator random variable for A.[]

We will have frequent use of the fact that

141 = 1anB
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and so, in particular, if A and B are disjoint, then

1415 =0

The Partition of a Random Variable

If X is a random variable (i.e. function) on a finite sample space (2, then the
image im(X) is a finite set, say

im(X) = {z,...,z,}

Moreover, the inverse images
{X =a1},... . {X =z,}

of the elements of im(X) form a partition of 2. Indeed, the block {X = z;} is
the set of all elements w € € that are sent to x; by the function X.
Definition Let X be a random variable on §) with

im(X) ={z,...,z,}
Then the partition

Px={{X=a1},... . {X =x,}}

is called the partition defined by X.[]
The Probability Distribution of a Random Variable

If X is a random variable on €2 and if P is a probability measure on (), it is
customary to denote the probability of the event { X = z} by P(X = z); that is,

P(X = z) = P({X = z})

The partition Px defined by X then defines a probability measure Px on
im(X) = {z1,...,x,} by
for all x; € im(X). This probability distribution on im(X) is called the

probability distribution of X and the corresponding probability mass function
f: A — R defined by

flai) = P(X = ;)
is called the probability mass function of X.
It is common to speak of the probability distribution of a random variable X
without mentioning the sample space that is the domain of X. For example, to

say that a random variable X has a binomial distribution with parameters p and
n is to say that the values of X are {0,...,n} and that the probability mass
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function of X is the function
n
P(X = k) = b(k;n, p) = (k)p’“(l —p)

It is also common to say in this case that X is binomially distributed.
Measurability of a Random Variable with Respect to a Partition

Of course, a random variable X is constant on the blocks {X = z} of its
partition Py, since by definition, X takes the value = on the block {X = z}.
This property has a special name.

Definition Ler Q = { B, ..., B,} be a partition of 2. A random variable X on
Q is Q-measurable if X is constant on each block of Q; that is, if it has the
form

X = imgi
i=1

for (not necessarily distinct) constants b; € R.OJ

As just mentioned, a random variable X is measurable with respect to its own
partition Px, since

X = Zwil{X:ﬂ%‘}
=1

where im(X) = {z1,...,x,}. The thing that distinguishes Px from all other
partitions © for which X is Q-measurable is that X takes on a different constant
value on each block of the partition Px; that is, the constants b; in the definition
above are distinct.

It follows easily that X is measurable with respect to any refinement Q of Py,
since each block of Q is contained in a single block of Px. Conversely, if X is
Q-measurable for some partition Q, then @ must be a refinement of Py, since if
a block B of Q should intersect two distinct blocks of Px nontrivially, then X
would not be constant on B.

In summary, a random variable X is Q-measurable if and only if Q is a
refinement of Px, in symbols,

X is Q-measurable < Px = Q
In fact, we can characterize the partition Py in either of the following equivalent

ways.

Theorem 3.10 Let X be a random variable on §).
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1) Px is the only partition of X with the property that X is Q-measurable for
Q € Part(Q) if and only if Px > Q.

2) Px is the coarsest partition of ) under which X is measurable; that is, Px
is the largest partition of ) under the partial order of refinement on
Part(Q) under which X is measurable.(]

Y=y, Y=y, Y=y,

T

X=X,

X=X,

X=Xg

\

Figure 3.6

Let X and Y be random variables on ). It follows from Theorem 3.10 that
Y is Px-measurable < Py = Px

Moreover, if Py > Px, then it is easy to see that Y must be a function of X.
Loosely speaking, this follows from the fact that if we know the value X (w),
then we know which block A € Px contains w and so we also know which block
B € Py contains w. Hence, we know Y (w).

In more detail (see Figure 3.6), each block B € Py is the union of blocks of Py,
say

B=AU---UA;

and suppose that Y takes the value y on the elements of B and X takes the value
a; on the elements of A;, for each i = 1,..., k. Define a function f by f(z;) =y
for all 7. Then for any w € B, we have

K@) =y = V()
andso Y = f(X).

For instance, referring to Figure 3.6, if the function f is defined by

f(@) = f(x2) = m
(

[(z3) = f(wa) = fla5) = vo
J(w6) = ya
f(z7) =ys

then
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Theorem 3.11 Let X and Y be random variables on ). The following are

equivalent:

1) Y is Px-measurable

2) Py = Px

3) Y is a function of X; that is, there is a function f:R — R for which

Y = £(X)

Proof. We have seen that 1) and 2) are equivalent and have also proved that 1)
implies 3). Finally, if Y = f(X), then Y is equal to the constant f(z) on the
block {X = x} of Px and so Y is Px-measurable. Hence, 3) implies 1).00

Independence of Random Variables
If X and Y are random variables on the same sample space 2, then we write
P(X =zY =y)
to mean P({X = =} N {Y = y}). By definition, X and Y are independent if the
events {X = z} and {Y = y} are independent; that is, if
PX =2,Y=y)=PX =2)P(Y =vy)
for all choices of z € im(X) and y € im(Y).
Taking a cue from the definition of independence for three events, for the

independence of three random variables X,Y and Z, we might expect the
requirements that

) PX=2zY=y)=PX=2)PY =y)
2) PX=2,Z=2=PX =2)P(Z =2)
3 B(Y =y, 7 = 2) = B(Y = y)B(Z = 2)
4) PX=2,Y=yZ=2)=PX=2)PY =y)P(Z =2)

for all z € im(X), y € im(Y) and z € im(Z). However, 4) actually implies 1)—
3). For example, the theorem on total probability gives

PX=zY=y) =) P(X=2,Y=y,7=2)

= S B(X = 2)B(Y = y)B(Z = 2)
=P(X =2)P(Y =9)> P(Z =

zeQ

= P(X = 2)P(Y =)

which is 1). The others are proved similarly. Thus, the definition of
independence of a family of random variables is much simpler than that of a
family of events!
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Definition
1) The random variables X and'Y on § are independent if

PX=z,Y=y)=PX=2)PY =y)
forall x € im(X) and y € im(Y).
2) More generally, the random variables X1, ..., X, are independent if

P(X)=my,..., X, = ) = [[P(X; = 2)

forall z; € im(X;).00

To generalize our previous argument, if X, ..., X, are independent and if
im(X,) ={ay,...,an}
then the theorem on total probability gives

]P(Xl = £171,...,Xn_1 = :cn_l)

m

ZP(XI = T, "'aanl = -rnflaXn = ai)

i=1
n—1 m
= [[P(x: = 2)) P(X, = a)
i=1 =1
n—1
i=1
More generally, for any nonempty subset {i1,...,., i, of {1,...,.,n}, we have
]P(Xil = .’L’Z‘l, ey Xim = .CL'Z‘m) = HIP(XZ']. = xi])
j=1

which is why we did not need to explicitly include this condition in the definition
of independence of random variables.

Positive Random Variables

In later chapters, we will need to identify the following types of random
variables.

Definition Let X be a random variable on ). Then

1) X is nonnegative, written X 0 if

X(w) Oforallwe Q

Note that the zero random variable X = 0 is nonnegative.
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2) X is strictly positive, written X > 0if X 0 but X # 0, that is, if
X(w) Oforallw € Qand X(w) > 0 for at least one w € )

3) X is strongly positive, written X > 0 if
X(w) > 0forallw e Q O

Random Vectors

We will also need random vectors.

Definition Let (€2, P) be a probability space. A function X:Q) — R" is called a

random vector on ). We denote the set of all such random vectors by
RV™(Q).0

Of course, random variables are random vectors (take n = 1). The set RV™(Q) is
a vector space under ordinary addition and scalar multiplication of functions. We
leave proof of this fact as an exercise.

Example 3.6 Let
Q=1{0.5,0.75,1,1.25,1.5,1.75}

be a sample space of possible federal discount rates. Consider a company whose
stock price tends to fluctuate with interest rates. Of course, bond prices also
fluctuate with respect to interest rates. We might define the price random vector
S:Q — R? by S(w) = (s,b) where s is the price of the stock and b is the price
of the bond when the discount rate is w. For example,

5(0.5) = (105,112)

means that if the discount rate is 0.5% then the stock price is 105 and the bond
price is 112.00

Expectation
The notion of expected value plays a central role in the mathematics of finance.

Definition Ler X be a random variable on a finite probability space (2, P). The
expected value (also called the expectation or mean) of X is given by

E(X) = 3 X(w)P(w)
weN

In words, the expected value of X is the weighted sum of the values of X, each
weighted by a probability of occurrence. The expected value of X is also
denoted by px.0]
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When the probability measure is clear from the context, we will drop the
subscript and write £ for &p. We invite the reader to prove the following.

Theorem 3.12 If a random variable X:§) — R takes on the distinct values
{z1,...,xm}, then
EX) = zP(X =) O

=1

The expected value function £: RV(Q2) — R maps random variables on (€, P) to
real numbers. One of the most important properties of this function is that it is
linear.

Theorem 3.13 The expectation function £:RV(2) — R is a linear functional;
that is, for any random variables X and Y and real numbers a and b,

£(aX +bY) = af(X) + bE(Y)

Proof. Let us suppose that X has values {z1,...,z,} and Y has values
{yl,...,ym}. Then aX +bY has values awx; +by; for i=1,...,n and
j=1,...,m. Hence, the theorem on total probability gives

E(aX +bY) = ZZ (az; + by;)P(X = z;,Y = y;)

=1 j=

as desired.[d

Of course, the expected value £(X) of a random variable X is a constant. In
fact, £(X) is the best possible approximation of X by a constant, as measured by
the mean squared error or MSE, defined by

MSE, = £[(X — ¢)?]

where c is a constant. In particular, for all constants ¢, the mean squared error
MSE., is smallest if and only if ¢ = px; that is,

E(X — px)’] < E[(X = ¢)’]
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with equality if and only if ¢ = ux. To prove this, we note that £(X — pux) =0
and so

E[(X = )]

E{(X = px) + (px — €)}’]

[(X = pux)?] + 2E[(X = pux) (ux = )] + El(px = ¢)?]
[(

[

I
™M M

X — px)’] + E[(px — )]
E(X = ux)*]

with equality holding if and only if ¢ = px.
Theorem 3.14 Let X be a random variable on a probability space (Q,P). Then

the expected value ux = E(X) of X is the best constant approximation to X in
the sense of mean squared error; that is,

EI(X = px)*] < E(X —¢)’]
with equality if and only if ¢ = ux.Od
Expected Value of a Function of a Random Variable

Note that if f:R — R is a function and X is a random variable, then the
composition f(X):2 — R is also a random variable. (For finite probability
spaces, this is nothing more than the statement that the composition of two
functions is also a function.) The expected value of f(X) is equal to

= > A ()P

If X takes on the distinct values x4, ..., x,,, then

m

E(f(X) =) fz)P(X = z;)

i=1

Example 3.7 Consider a stock whose current price is 100 and whose price at
time 7" depends on the state of the economy, which may be one of the following
states:

Q= {51552753554}

The probabilities of the various states are given by

]P(Sl) =0.2
P(Eg) =0.3
]P(Sg) =0.3
]P(54) =0.2

The stock price random variable is given by
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51

(s1)
(s2)
(s3)

)

»n U
Il

n

53

99
1
10
(54 1

If we purchase one share of the stock now the expected return at time 7 is
E(S5) =99(0.2) + 100(0.3) + 101(0.3) 4+ 102(0.2) = 100.5

and so the expected profit is 100.5 — 100 = 0.5. Consider a derivative whose
return D is a function of the stock price, say

D(99) = —4
D(100) = 5
D(101) =5
D(102) = —6

Thus D is a random variable on (2. The expected return of the derivative is
&(return) = D(99)P(99) + D(100)P(100)
-+ D(101)P(101) + D(102)P(102)
= —4(0.2) + 5(0.3) + 5(0.3) — 6(0.2)
The previous example points out a key property of expected values. The
expected value is seldom the value expected! In this example, we never expect to
get a return of 100.5. In fact, this return is impossible. The return must be one of

the numbers in the sample space. The expected value is an average, not the value
most expected.

Expectation and Independence
We have seen that the expected value operator is linear; that is,
E(aX +bY) =al(X)+bE(Y)

It is natural to wonder also about £(XY"). Let us suppose that X has values
{z1,...,2,} and Y has values {y1,...,ym . Then the product XY has values
ziyjfore=1,...,nand j=1,...,m and so

ZZ ilfzy] =xz,Y = yj)
=1 j=

In general, we can simplify this no further. However, if X and Y are
independent, then
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ZZ ilfzy] =z,Y = yj)

7,1]

ZZ 2y P(X = z)P(Y = y;)

=1 j=

[ZQJP —%Hiyjp(y—yj)l
= E(X)EY)

Thus, we have an important theorem.

Theorem 3.15 If X and Y are independent random variables on a probability
space (Q,P) then

E(XY)=E(X)EY) O
This theorem can be generalized to the product of more than two independent

random variables. For example, if X,Y and Z are independent, then XY and Z
are also independent and so

E(XYZ) = E(XY)E(Z) = E(X)EY)E(Z)

Variance and Standard Deviation

The expectation of a random variable X is a measure of the “center” of the
distribution of X. A common measure of the “spread” of the values of a random
variable is the variance and its square root, which is called the standard
deviation. The advantage of the standard deviation is that it has the same units as
the random variable. However, its disadvantage is the often awkward presence of
the square root.

Definition Let X be a random variable with finite expected value . The
variance of X is

0% = Var(X) = (X — p)?)
and the standard deviation is the positive square root of the variance
ox =/ Var(X) O

The following theorem gives some simple properties of the variance, the first of
which is often quite useful in computing the variance. Proof is left as an exercise.

Theorem 3.16 Let X be a random variable with finite expected value 1. Then
1) Var(X) = E(X?) — p? = E(X?) - E(X)?
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2) For any real number a,
Var(aX) = a*Var(X)
3) If X andY are independent random variables, then
Var(X +Y) = Var(X) + Var(Y)
4) If cis a constant, then
Var(X + ¢) = Var(X) O

Note that, unlike the expectation operator, the variance is not linear. Thus, in
general,

Var(aX + bY') # aVar(X) + bVar(Y)

Standardizing a Random Variable

If X is a random variable with expected value i and variance o, then we can
define a new random variable Y by

Y =

Then

and

1 1
Var(Y) = ;Var(X —p) = ;Var(X) =1

Thus, Y has expected value 0 and variance 1. The process of passing from X to
Y is called standardizing the random variable X and a random variable with
mean 0 and variance 1 is called a standard random variable.

Expected Value of a Bernoulli Random Variable

A Bernoulli random variable is a random variable that takes only two possible
values. Suppose that X is a Bernoulli random variable taking on the two values
« and [ with probabilities

P(X=a)=p and P(X =p)=¢q
where ¢ = 1 — p. Then
E(X) =ap+fPq

and



Discrete Probability 71

Var(X) = £(X?) = £(X)* = a’p + ¢ — (ap + Sq)*
In the important special case « = 1 and 5 = 0, we get
E(X)=p and Var(X)=pq

We will have use for the following fact, whose proof is left as an exercise.

Theorem 3.17 If X is a standard Bernoulli random variable with probabilities
pand q =1 — p, then X takes on the values

and

IP( _\/‘%q>_p and P(X—\;%>_q O

Expected Value of a Binomial Random Variable

We can easily compute the expected value and variance of a binomial random
variable.

Theorem 3.18 Let X be a binomial random variable with distribution
b(k;n,p). Then

E(X)=mnp and Var(X)=npq

where g =1 — p.
Proof. For the expected value, we have

£(X) = z": KP(X = k)
=0
n n .
- ; K ( k )pkq '
_ npzn: (Z : 1>pk1q(n1)(k1)
—(n-1 k_(n—1)—k
=npy ( N )p q

Alternatively, X is the sum Bj + --- 4+ B, of independent Bernoulli random
variables B;, where B; = 1 if the ith trial is a success and B; = 0 if the ith trial
is a failure. Hence, by the linearity of the expected value, we have
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£X) = Y E(B) = Y p=np

i=1

Moreover, since the random variables B; are independent, we have

Var(X) = ZVar(Bi) = qu = npq O
=1 =1

Conditional Expectation

We can put together the notions of conditional probability and expectation to get
conditional expectation, which plays a key role in derivative pricing models.

Conditional Expectation with Respect to an Event

Conditional expectation with respect to an event A with positive probability is
pretty straightforward—we just take the ordinary expectation but with respect to
the conditional probability measure P( - | A).

Definition Let (Q2,P) be a finite probability space and let A be an event for
which P(A) > 0. The conditional expectation of a random variable X with
respect to the event A is

EXA) =) X(wP(w]|A)

weN

The symbol E(X | A) is read the expected value of X given A.O0

Note that since the conditional expectation is just a special type of expectation, it
is linear; that is,

E(aX +bY | A) = af(X | A) + bE(Y | A)

for random variables X and Y and real numbers a and b.

A little algebra gives a very useful expression for the conditional expectation in
terms of the nonconditional expectation.

Theorem 3.19 Let (2, IP) be a finite probability space and let A be an event
with P(A) > 0. Then

X | 4) =

where 1 4 is the indicator function of A.
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Proof. In general, if w € 2 and A C (), then

P({w}n4) _ P)
P(4) P(A)

P(w| A) =

and so

EX|A)=) X(wP(w]|A)
we
_ ]PTZ) 3 X (@) 14(w)P(w)

weN
1

= pa)t 1) 0

One simple consequence of the previous theorem is the following useful result,
whose proof we leave as an exercise.

Theorem 3.20 If A and B are events with P(A N B) > 0, then
Epa)(X | B) =E(X | AN B) O
Next, we have the expected value analog of the theorem on total probability.

Theorem 3.21 Let P = {By, ..., By} be a partition of ). Then for any random
variable X on ()

= e | BR(B)

Moreover, if P(A) > 0, then

E(X | A) = ig(x | B:n A)P(B; | A)

i=1

These sums are valid provided that we consider each term in which the
conditional probability is not defined as equal to 0.
Proof. For the first part, since

X=) Xig
i—1
taking the expected value gives
= E(X1n) = Y E(X | BIR(B)
i—1 i—1

with the understanding that if P(B;) =0, then £(X | B;)P(B;) = 0. For the
second part, we apply the first part to the conditional probability P( - | A),
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EX|A)= ZE]P’(-\A)(X | Bi)P(B; | A)

= zn:g(x | B;NA)P(B; | A)

where the undefined terms; that is, the terms for which P(B; N A) = 0, are 0.00
Conditional Expectation with Respect to a Partition

Next we define conditional expectation with respect to a partition of the sample
space. Unlike the conditional expectation with respect to an event, which is a
real number, the conditional expectation given a partition is a random variable.

We have seen that the expected value £(X) of a random variable X is the best
approximation of X by a constant, as measured by the mean squared error.
Formally, for any constant c,

EX = px)?] < E(X = ¢)?)
with equality if and only if ¢ = px.
More generally, if P = {Bi, ..., By} is a partition of {2 for which each block B;
has positive probability, we wish to find the best approximation Y to X that is

constant on each block of P; that is, the best P-measurable approximation to X.
Thus, Y has the form

Y = ibil B,
=1

The quality of the approximation is measured by the mean squared error
MSE = £[(X - Y)?]
Since X = X1p, +--- + X1p_, we can write

n

MSE = £[(X —Y)?] =& {Z(X - bi)13i}

=1
But 15,15, = 0 if i # j and so all cross terms in the expansion under the square
brackets are equal to 0. Thus, since (15,)? = 1p,, we have

n

MSE = £ [Z(X - bi)%Bi] = ig[(x —b;)*1p]

=1

But each term above is nonnegative and so the MSE will be smallest when each
term is smallest. But each term can be written in the form
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EX = b)*15] = P(B)E[(X — b;)* | Bi]

The expression E[(X — b;)? | B;] is the mean squared error of X with respect to
the (conditional) probability measure P( - | B;) and so we have seen that this is
smallest when

bi = Ep(ip)(X) = E(X | By)
Hence, the best approximation of X among the PP-measurable random variables
is given by
Y =) &(X|Bi)ls
i—1
This leads to the following definition.

Definition Ler (2, P) be a finite probability space and let P = {By, ..., B, } be
a partition of Q for which P(B;) > 0 for all i. The conditional expectation
E(X | P) of a random variable X with respect to the partition P is the random
variable

EX|P)=EX | By)lp, + -+ EX | By)lp,

In particular, for any w € €, if w € By, then

E(X | P)w)=E(X | By) O
Note that for the partition P = {2} that consists of the single block €2, we have

X [{9Q}) = &(X)

and so the ordinary expectation is a form of conditional expectation.
Figure 3.7 shows the best approximation for a random variable X that is defined
on an interval [a,b] of the real line. (We chose this illustration because it is

easier to picture the conditional expectation for such intervals than for random
variables on a finite sample space).
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RN

E(XIP)

a B B, B B, b

Figure 3.7: Conditional expectation
Here is a formal statement of the role of the conditional expectation in

approximating X.

Theorem 3.22 The random variable £(X | P) is the best approximation to X
among all P-measurable random variables, in the sense of mean squared error;
that is,

E(X - &X | P)] < E[(X -Y)
for all P-measurable random variables Y, with equality holding if and only if
Y =£&X|P).0

The following theorem gives some key properties of conditional expectation. We
will use them frequently.

Theorem 3.23 Ler (2, P) be a finite probability space. Let P = {By,..., B,}

be a partition of Q) for which P(B;) > 0 for all i. The conditional expectation

E(X | P) has the following properties.

1) The function £( - | 'P) is linear; that is, for random variables X and Y and
real numbers a and b,

E(aX +bY | P)=al(X |P)+bEYY | P)
2) (Taking out what is known) If Y is a P-measurable random variable, then
EYX|P)=YEX|P)
In particular, if Y is P-measurable then
EY |P)=Y
3) (The Tower Properties) If P =~ Q, then
EEX|P)Q)=EX[P)=E(E(X|Q)|P)

In words, the expected value with respect to both P and Q, taken in either
order, is the same as the expected value with respect to the coarser of P



Discrete Probability 77

and Q. In particular,
E(E(X]Q)) =&(X)

4) (An Independent Condition Drops Out) If X and ‘P are independent; that is,
if Px and ‘P are independent, then

E(X|P)=E(X)

Proof. Part 1) follows from the fact that the conditional expectation with respect
to an event is linear. We leave details of a proof to the reader. To prove 2), since
conditional expectation is linear and since Y is a linear combination of indicator
functions 1p,, it is sufficient to prove that

g(lBkX | 7)) = lBkg(X ‘ P)

for all Kk = 1,...,n. But this will hold if and only if it holds when multiplied by
each indicator random variable 1p; that is, if and only if

E(1p X | P)1p, = 15E(X | P)1s,
forall j =1,...,n. But this is equivalent to
E(1p X | Bj)lp, = 15 E(X | Bj)lp,
or, after multiplying by P(B;),
E(1p1p,X)lp, = 15,15E(X15,)

However, both sides of this are 0 for k # j and both sides are also equal when
j = k. This proves part 2).

To prove 3), since £(X | P) is constant on the blocks of P, it is also constant on
the blocks of the finer partition Q; that is, £(X | P) is Q-measurable. Hence,
part 2) implies that

EEX|P)Q)=EX [P)(la| Q) =E(X|P)

To prove the other equality

EEX[Q)[P)=EX|P)
it is sufficient to show that for each B; € P,

EEX Q)] B) =E(X|Bi)
or multiplying by P(B;),

EE(X | Q)lp)=EX1p)

Butif @ = {C4,...,C,,} then
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EE(X ] Q)1p) = E&ax | ck>1ck13i>
k=1

= 5( Z E(X | Ck)10k>

CrCB;

Y EX | CE(ie,)

CrCB;
= ) &(X1g)
CrCB;
=&(X1g)

as desired.

To prove 4), if Px = {C1,...,C,,} then X is a linear combination of indicator
functions 1¢; and so we need only prove that

Ele, | P) = £(1c)

forall j = 1,..., m. But the independence of P and Px imply that
E(lglp) = E(1¢,)E(1B,)

and so

E(lg 1, E(1e)E(1p,
E(le, | Bi) = %féfl)— (152135)131)—5(109

whence

m m

E(e, | P) =) (e, | Bl =Y E(1c)ls, = 5(107)27":132. =&(1e,)

=1 i—1
as desired.[d

Exercises

1. A pair of fair dice is rolled. Find the probability of getting a sum that is
even.

2. Three fair dice are rolled. Find the probability of getting exactly one 6.

3. A basket contains 5 red balls, 3 black balls, and 4 white balls. A ball is
chosen at random from the basket.
a) Find the probability of choosing a red ball.
b) Find the probability of choosing a white ball or a red ball.
c) Find the probability of choosing a ball that is not red.

4. A certain true-and-false test contains 10 questions. A student guesses
randomly at each question.
a) What is the probability that he will get all 10 questions correct?
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10.

11.

12.
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b) What is the probability that he will get at least 9 questions correct?

c) What is the probability that he will get at least 8 questions correct?

A die has six sides, but two sides have only 1 dot. The other four sides have
2,3,4 and 5 dots, respectively. Assume that each side is equally likely to
occur.

a) What is the probability of getting a 1?

b) What is the probability of getting a 27

¢) What is the probability of getting an even number?

d) What is the probability of getting a number less than 3?

Four fair coins are tossed. Find the probability of getting exactly 2 heads.
Four fair coins are tossed. Find the probability of getting at least 2 heads.

A fair die is rolled and a card is chosen at random. What is the probability
that the number on the die matches the number on the card? (An ace is
counted as a one.)

Studies of the weather in a certain city over the last several decades have
shown that, for the month of March, the probability of having a certain
amount of sun/smog is as follows:

full sun/no smog) = 0.07,
full sun/heavy smog) = 0.12,

P( full sun/light smog) = 0.09,
B(

P(haze/light smog) = 0.07,

B(

I(

IP(

P(haze/no smog) = 0.09,

P(haze/heavy smog) = 0.11,
no sun/no smog) = 0.16, P(no sun/light smog) = 0.12,
no sun/heavy smog) = 0.17

What is the probability of having a fully sunny day? What is the probability
of having at day with some sun? What is the probability of having a day
with no or light smog?

Show that if X is a random variable on (2, then

a) {Xe€eAUB}={XecAtU{X € B}

b) {XeAnB}={XecA}n{X e B}

c) {XeA\B} ={XeA}\{X € B}

Let X be a random variable on (€2, [P). Show that X can be written as a

linear combination of indicator functions of the blocks of the partition

generated by X.

a) Consider a stock whose current price is 50 and whose price at some
fixed time 7' in the future may be one of the following values:
48,49, 50, 51. Suppose we estimate that the probabilities of these stock
prices are

~

(48)
(49)
P(50)
(51)

o O O O

2
4
3
1

~

If we purchase one share of the stock now, what is the expected return
at time 7'? What is the expected profit?
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13.

14.

15.

16.

17.

18.
19.

20.
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b) Consider a derivative of the stock in part a) whose return D is a
function of the stock price, say

D(48) = 2
D(49) = —1
D(50) = 0
D(51) =3

Thus, the return D is a random variable on 2. What is the expected
return of the derivative?
Suppose that you roll a fair die once. If the number on the top face of the die
is even, you win that amount, in dollars. If it is odd, you lose that amount.
What is the expected value of this game? Would you play?
For a cost of $1, you can roll a single fair die. If the outcome is odd, you
win $2. Would you play? Why?
Suppose you draw a card from a deck of cards. You win the amount
showing on the card if it is not a face card, and lose $10 if it is a face card.
What is your expected value? Would you play this game?
An American roulette wheel has 18 red numbers, 18 black numbers and two
green numbers. If you bet on red, you win an amount equal to your bet (and
get your original bet back) if a red number comes up, but lose your bet
otherwise. What is your expected winnings in this game? Is this a fair game?
Consider the dart board shown below.

A single dart costs $1.50. You are paid $3.00 for hitting the center, $2.00
for hitting the middle ring and $1.00 for hitting the outer ring. What is the
expected value of your winnings? Would you play this game?

Prove that Var(X) = £(X)? — u® where u = £(X).

Prove that for any real number a

Var(aX) = a*Var(X)
Prove that if X and Y are independent random variables then

Var(X +Y) = Var(X) + Var(Y)
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Let X be a binomial random variable with distribution b(k; n, p). Show that
Var(X) = np(1 — p). Hint: Use the fact that Var(X) = £(X?) — £(X)%
Show that if X, Y and Z are independent random variables then so are XY
and Z.

Let X and Y be independent random variables on (€2, P). Let f and g be
functions from R to R. Then prove that f(X) and g(Y") are independent.

If X is a standard Bernoulli random variable with probabilities p and
q = 1 — p, show that

P(X—ﬁ) —p and P(X—%)—q

Prove that the random variables X, ..., X, on ) are independent if and
only if the partitions Px,, ..., Px, are independent collections of events.
Prove that the relation of refinement is a partial order on Part({2).

Prove that if X is a nonnegative random variable; that is, X (w) 0 for all
weNthenE(X |P) 0.

A certain operation results in complete recovery 60% of the time, partial
recovery 30% of the time and death 10% of the time. What is the probability
of complete recovery, given that a patient survives the operation?

Imagine the following experiment. You have an unfair coin, whose
probabilities are

2 1
P(heads) = 3 P(tails) = 3

You also have two urns containing colored balls, where

1) urn 1 has 3 blue balls and 5 red balls

2) urn 2 has 7 blue balls and 6 red balls

First you toss the coin. If the coin comes up heads, you draw a ball at
random from urn 1. If the coin comes up tails, you draw a ball at random
from urn 2. What is the probability that the ball drawn is blue? Hint: Use the
Theorem on Total Probability.

Let Q) be a sample space and let Fy,..., F, form a partition of Q with
P(E})) # 0 for all k. Show that for any event A in €,

P(4) = S P(A| EoB(E)
k=l

Let P = {By,..., By} be a partition of (Q,P) with P(B;) > 0 for all i.
Prove Bayes’ formula, which states that for any event A in ) with
P(A) > 0, we have

P(A | B))P(B;)
S B(A | B)B(B)

i=1

B(B; | 4) =



82

32.

33.

34.

35.

36.

37.

38.
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Prove thatif F, ..., E, are events with P(F; N --- N E,,) > 0 then

P(E\ NN E,)
= P(E)P(E, | E\)P(Es | Ey O Esy)--P(E, | Ey 0 -+ N Ey_y)

Prove that if
By2B2---2B,

is a nested sequence of events with positive probability in a sample space 2
and if P(By) = 1, then

P(B,) = P(B, | Bo)P(Bs | By)---P(B, | Bu_1)

Suppose that words of length 5 over the binary alphabet {0, 1} are sent over
a noisy communication line, such as a telephone line. Assume that, because
of the noise, the probability that a bit (0 or 1) is received correctly is 0.75.
Assume also that the event that one bit is received correctly is independent
of the event that another bit is received correctly.

a) What is the probability that a string will be received correctly?

b) What is the probability that exactly 3 of the 5 bits in a string are

received correctly?

Let X and Y be independent random variables on (2, P). Suppose that X
and Y have the same range {a1,...,a,} and that

P(X =a;) =P(Y = a;) = p;

Compute P(X =Y).
Prove that if A and B are events in 2 with P(A N B) > 0, then

EP(.‘A)(X ‘ B) = E(X | AQB)

Let X1,..., X, be random variables on (§2,P) all of which have the same
expected value p and the same range {ri,...,7,}. Let N be a random
variable on (€2, ) where NV takes the values 1,...,n. Assume also that IV is
independent of the X;’s. Then we can define a random variable S by

S=X1+-+ Xy
where
S(w) = X1(w) + - + Xy (w)

Show that

a) E(S|N=k)=puk

b) &(S|Pn) = puN, where Py is the partition induced by N

o) E(S) = uE(N)

Explain in words why part c) makes sense.

Consider the following game from the game show Let’s Make a Deal. A
contestant is given a choice of three doors, behind one of which is a new car
and behind each of the two others is a goat. The contestant wins whatever is
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behind the chosen door, once it is opened. Once the contestant chooses a
door, host Monty Hall opens one of the two other doors that does not
conceal the car and asks the contestant if he wishes to change to the other
unopened door. If both unchosen doors conceal goats, Hall chooses between
the two doors with equal probability. Show that the probability that the
contestant finds the car if he does not change doors is 1/3 but the
probability that the contestant finds the car if he does change doors is 2/3.



Chapter 4
Stochastic Processes, Filtrations and
Martingales

State Trees

The following concept will prove quite useful in picturing discrete-time financial
models.

As shown in Figure 4.1, a state tree T consists of a finite collection of nodes or
vertices (singular: vertex), shown as small boxes in the figure, together with a
finite collection of edges connecting certain nodes, shown as line segments
between nodes.

Figure 4.1: A state tree T

The nodes of a state tree are organized in vertical columns called levels. The
levels of a state tree are often thought of as times, where level Lj corresponds to
time ¢y, the initial level Ly being the initial (or starting) time ¢y, and the final
level Ly being the final time ¢y . Also, the nodes at time ¢, are thought of as the
time-t;, intermediate states of the tree and the set of all time-¢; nodes is called

S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 85
Undergraduate Texts in Mathematics, DOI 10.1007/978-1-4614-3582-2 5,
© Steven Roman 2012
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the time-¢; state space. The state space for the final time is called the final
state space. For example, the time-t, state space of the tree in Figure 4.1 is

{b2,1,b2,2,023,b24,b25}
and the final state space is
{b3’1, ceey b3712}

The edges of a state tree connect nodes of adjacent levels only.

Two nodes in adjacent levels of T are adjacent if there is an edge connecting
them. If a node b at level L; is connected to a node c at level L1, then b is
called the parent of c and c is called a child of b. This terminology comes from
the fact that trees are often used to show family relationships. For example,
referring to Figure 4.1, node by ; is the parent of by » and b, » is a child of b ;.

Figure 4.2

In a state tree, the end nodes can appear only in the rightmost level of the tree.
For example, the graph in Figure 4.2 is not a state tree (although it is a tree).

The nodes and edges of a state tree are often labeled, as shown in Figure 4.1,
although for the sake of readability we did not include all of the labels. Labels
serve either for identification purposes or to carry some important data, such as
stock prices or probabilities. Here is some additional terminology associated
with trees.

Definition Let T be a state tree.
1) A path in T is a sequence of adjacent nodes along with the edges that
connect them. For example, the sequence

is a path in T of length 2 from b ; to bs 7. Sometimes, we think of a path as
being just the sequence of nodes or just the sequence of edges in the path. If
there is a path from node b at level Ly, to a node c at a level Ly,.;, then c is
called a descendent of b at level Ly ;.

2) A node b together with the children of b and the edges that connect these
children to the parent b form the child subtree of b. For example, the



Stochastic Processes 87

circled portion of Figure 4.1 is the child subtree of by 1. Note that the child
subtree includes the parent node.l]

Information Structures

Let Q = {w1,...,wy,} be a finite set. Figure 4.3 shows an example of a state tree
in which the time-¢; intermediate states are the blocks of a partition P}, of 2 and
where each partition P, is a refinement of the previous partition Pj_;. This
situation is very important in the study of discrete-time financial models and has
a special name.

Figure 4.3: A filtration

Definition A sequence TF = (Po,...,Pn) of partitions of a set
O ={wy,...,wn} for which

Po=P1=-=Pn

is called a filtration. A filtration is called an information structure if P, is the
coarsest possible partition

Po = {2}
and Py is the finest possible partition
Py = {{wr}, .. {wm}}

The graph in Figure 4.3 is called a state tree for the filtration.[]

Note that while the final state space
Py ={{wi} . {wm}}
in an information structure is different from the underlying set

Q={wy,...,wn}
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the difference has no significance for us and so, as is customary, we will
generally think of the final state space as the set ().

The motivation behind filtrations and information structures is the following. We
take the point of view that each element w € §) represents a final state of some
game (or of the economy) and that at each time ¢;, we have partial knowledge of
the final state in that we know which block of P, contains the final state.

When F is an information structure, then at time ¢y, we have no knowledge of the
final state, other than the fact that it is in ). As time passes, we may gain
additional knowledge of the final state but we never lose knowledge. This
increased knowledge results in a refinement of the previous partition. At the final
time ¢y, we have complete knowledge of the final state.

Information Structures, Probabilities and Path Numbers

Our discussion of option pricing models will include a probability measure P
defined on the final state space (2. Before discussing how to incorporate such a
probability measure, we need two definitions.

Let T be a state tree for an information structure F = (P, ..., Py). Suppose
that we label each edge in T with a positive real number. For each intermediate
state By € Py, there are two numbers that are of particular importance to us.
First, Figure 4.4 shows the child subtree of T with parent By.

Figure 4.4: The child subtree of By,
where
Chlldren(Bk) = {Bk,la vey Bk,sk}

We call the sum of the edge labels in the child subtree for By,
Sk
C(Br) = pri
i—1

the child subtree number for B;..
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Second, as shown in Figure 4.5, there is a unique path in the state tree from the
root node {2 to By.

Figure 4.5

We say that the path
Q=By— By — By —---— By
terminates in Pj;. The product (not the sum) of the edge labels of this path is
called the path number of Bj,. We denote this path number by H (By).
Now, there is a simple relationship between path numbers and child subtree
numbers. If the edge label of the edge from By, to By is p, then
H(Bg+1) = H(By)p

and so using the notation above,
Sk Sk Sk
D H(Bii) =Y H(Bipr: = H(By)Y s = H(B)C(By)  (4.1)
i=1 i=1 i—1

In words, the sum of the path numbers of the children of By, is equal to the path
number of B, times the child subtree number of Bj. Indeed, this is really just the
distributive law of arithmetic.

Probability Measures and Edge Labels

Now suppose that PP is a strongly positive probability measure on the state space
Q. Consider a path

Q=By— By — By —---— By

starting at 2 and ending at an intermediate state Bj € Py. Because F is a
filtration, the states in this path form a nested sequence of events on ) with
positive probability,

QW=DBy2B12-2 By

We asked the reader in an earlier exercise to show that
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P(By) =P(B; | By)P(Bs | By)---P(By, | Br—1) = H(B)

and so the probability of an intermediate state By, is just the path number of that
state. In particular, if By = {wy} is a final state, then

P({w}) = H({w})

Moreover, since Children(By,) is a partition of By, the child subtree number for
any state By € Py, is

C(By) = ;P(Bk,i | By) = 2% = @;P(Bk,» =1
that is,
C(By) =1 (4.2)
forallk =0,...,N — 1.
Edge Labels and Probability Measures

Now suppose that instead of starting with a strongly positive probability measure
P on 2, we simply label each edge of the state tree T with a positive real
number, subject only to the condition that (4.2) holds. Then (4.1) implies that the
sum of the path numbers of the children of Bj, € Py, is equal to the path number
H (B},) of the parent, in symbols,

_SZkH(Blm‘) = H(B)

From this, we can deduce two important facts.

First, the sum of the path numbers of all states in Py (all children) is the same
as the sum of the path numbers of all states in Py, (all parents), in symbols,

Y H(Ben) =) H(B)

Bi41€Pk+1 BLePy,

for all k =1,..., N — 1. But the sum of the path numbers for the states in the
second partition P; is the child subtree number C'(€2), which is equal to 1 by
assumption. Hence, the sum of the path numbers for all states at any given level
is 1. In particular, this applies to the final state space {2 and so

Y H({wh) =1

we
Hence, the path numbers
{H({w}) |we 2}

form a probability distribution on {2, with associated probability measure defined
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by
P({w}) = H({w})

Second, not only is the path number H(By) equal to the sum of the path
numbers for all of the children of By, but equation (4.1) also implies that H (By,)
is equal to the sum of the path numbers of all grandchildren of By, or indeed of
all descendents of Bj, at any given level of the tree. Thus, since the descendents
of the intermediate state By at the final level ) are essentially just the elements
of By, we have

H(By) = Y H({w}) = Y P({w}) = P(By)
weB;y weB;
and so
P(Bg) = H(Bx)
for all states By, in all partitions Py.
Finally, it follows that the edge labels are indeed conditional probabilities, since
if the edge label from By, to Bj.1 is pg, then

 H(Bps1)  P(Bry)
e T P(BZ) = P(Bys1 | By)

Summary

In summary, if we begin with a strongly positive probability measure IP on ) and
label the edges of the state tree with conditional probabilities, then P is just the
path number function; that is,

P(By) = H(Bx)

for any state Bj € Pi. On the other hand, if we begin by labeling the edges of
the state tree with positive numbers subject only to the condition that all child
subtree numbers are equal to 1, then the path number function H defines a
strongly positive probability measure P on 2 and the edge labels are the
conditional probabilities with respect to IP. Thus, the two approaches lead to the
same end result.

Theorem 4.1 Let 2 = {w1, ..., wn} be a finite set with information structure
F=(Po,...,Pn)

Suppose that we label the edges of the state tree of F with positive real numbers
in such a way that each child subtree number is equal to 1; that is,

C(By) =1
for all By, € Py and all k =0,...,N — 1. Then the path number function H
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defines a strongly positive probability distribution on ), with associated
probability measure

P({w}) = H({w})
and more generally,
P(By) = H(Bx)

for all states By, € P, and all k =0, ..., N. Moreover, the edge label py from
By, to By is the conditional probability

Pk = P(Byi

By) O

Information Structures and Stochastic Processes

We have seen how to incorporate a probability measure into an information
structure. Let us turn now to the issue of incorporating prices and other values
into information structures. In particular, we will be interested in the price of a
stock as it progresses through a sequence of times

o <ty <t <---<in

If the stock price at time ¢; is denoted by X;, then initially these prices are
unknown and can be thought of as random variables on the state space. This
leads to the following simple concept, which plays a very important role in many
areas of applied mathematics, including the mathematics of finance.
Definition A (finite) stochastic process on a sample space () is a sequence

X =(Xo,X1,...,Xn)

of random variables defined on ). (I
We will have considerable use for the following notion.
Definition Let

X =(Xo,X1,...,Xn)

be a stochastic process on Q. If k < m, the change in X from k to m is the
difference
Apm(X) = X — X O

In the theory of stochastic process, a change is referred to as an increment of
X, but we will not use this term.
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Stochastic Processes Adapted to a Filtration

Now consider a filtration
F = (Po,P1,-..,Pn)

on a finite sample space {2, along with a stochastic process
X=(Xo, X1,...,Xn)

of the same length. What does it mean to say that the value of X} can be
determined at time ¢;? At time t; we know only the blocks of the partition Py,
but the random variable X, is defined on 2. Hence, the answer is that we can
determine the value of X, if and only if it is constant on each block of Pj; that
is, if and only if X, is Py-measurable.
For example, suppose that = {1,2,3,4,5,6,7} and that

Py = {Bl = {172}332 = {37475}733 - {677}}

Then we know the value of X5, given a block of P, if and only if X, takes the
same value on 1 and 2, the same value on 3, 4 and 5 and the same value on 6 and
7. Then, given the block B;, we can indeed determine the value of Xo.

This brings us to a key definition.

Definition Let () be a finite set, with filtration
F = (Py,P1,...,Pn)
A stochastic process
X =(Xo,X1,...,Xn)
on () is adapted to the filtration F, or is F-adapted if X}, is Pj-measurable for
allk=0,...,N.00

Thus, in loose terms, to say that a stochastic process X is adapted to a filtration
is to say that for each k, it is sufficient to know the block of P} in order to
determine the value of X.

We strongly urge the reader to ponder this concept until it seems very clear
before continuing. To help put this notion in perspective, we define a related
notion that will be important in the next chapter.

Definition A stochastic process
A= (Ala"'aAT)

is predictable or previewable with respect to the filtration
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F = (Py,P1,...,Pr)
if Ay, is Py_1-measurable forallk =1,...,7.0

For a predictable process, we can determine the value of Ay at the prior time
tx—1. For example, imagine a game where we spin a roulette wheel once at each
of the N times t; < ty < ---ty. We can bet on each spin of the wheel. Then we
know the outcome X, of a spin at time ¢ but the bet must be made before the
spin and so we know the amount Ay, of the bet on the kth spin at time ¢;_1. Thus,
the outcomes are adapted but the bets are predictable.

Martingales

Consider the following game between players A and B. A coin is flipped. If the
result is heads, player B pays player A one dollar. If the result is tails, player A
pays player B one dollar. Let the probability of heads be p. Is this a fair game?
That is, are both sides willing to play this game?

Of course, both players will play provided that neither player has an advantage
and this holds if and only if the expected winnings for either (and therefore both)
players is 0. Now, the expected winnings for player A is

p—(1-p)=2p-1
which is 0 if and only if p = 1/2. Thus, as expected, the game is fair if and only

if the coin is fair.

In order to generalize this notion of a fair game, let us recast the analysis above
in more formal terms. Let X; denote the player A winnings after the flip. This is
a random variable that takes on two values:

Xj(heads) =1 and X, (tails) = —1
For consistency, let X be the “winnings” for player A before the flip. Thus,
Xo(heads) =0 and X(tails) =0
Then the statement that the game is fair can now be written
E(X1) = Xo
In words, the expected time-t; winnings is equal to the previous time-ty

winnings. Put another way, the expected change in winnings is 0.

Now we can generalize this to describe what it means for a multistage game to
be fair. Let (£2,P) be a finite probability space and suppose that the stochastic
process

X =(Xo,X1,...,Xn)
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on () is adapted to the filtration
F = (Py,P1,...,Pn)
on (). The reader can think of X, as the time-t; winnings in an N-stage game,

such as the game of flipping a coin N times.

The mathematical notion that describes the fact that the stochastic process X is
fair from one time period to the next is that for each time t;, the conditional
expected value of the time-t;,; winnings X1 given the current state P, of the
game is equal to the current winnings Xy; in symbols,

E(Xpq1 | Pr) = Xi

forall k =0,..., N — 1. This leads to the following definition.

Definition Lez (2, IP) be a finite probability space. Let
F = (Po,Pr,...,Pn)

be a filtration on ) and let
X =(Xo,X1,..., Xn)

be a stochastic process adapted to F. Then X is a martingale with respect to the
triple (0, P,TF), if

Ep( Xkt | Pr) = Xk

or equivalently in terms of expected changes,

Ep(App1(X) [ Pr) =0
for all k=0,..., N — 1. This expresses the idea that X is “fair” over every
one-period time interval [ty 1, tg].O0
The martingale condition

Ep(Akp1(X) [ Pr) =0
is equivalent to the statement that

Ep(Ap 1 (X) | Br) =0 4.3)

for all By € Py, which says that the expected change in X on each intermediate
state By, is 0. Since X}, is constant on By, if we denote this constant by

Xi(By)
then the martingale condition can also be written

E(Xks1 | Br) = Xi(By) (4.4)
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This says that the expected value of X;.; under the conditional probability
distribution P( - | By) is just the value X}, on By. (Strictly speaking if X, takes
the constant value ¢ on By, then X (By) is equal to {c}, not c. However, we will
allow this minor abuse for readability sake.)

This expresses that fact that X is “fair” at each intermediate state By in Py. Let
us look a bit more closely at this condition. The state Bj, € Py is partitioned into
its children at time ¢j,;. The random variable X} is constant on By and the
random variable X1 is constant on each child of Bj, but may take different
constant values on different children. So, we have fairness at Bj; when the
average (expected value) of the values X1 (By,;) is equal to X, (B;), under the
assumption that Bj; has occured.

We will refer to either of the equivalent equations (4.3) and (4.4) as the local
martingale condition at Bj, € Pj.

Characterizing Martingales

We can now characterize the martingale condition in a variety of useful ways.
For example, the martingale condition can be written

E(Xy | Pre—1) = X

for all k1. Taking conditional expectation with respect to Pj;,_» and using the
tower property, we get

E(Xi | Prog) = E(E(Xk | Pre1) | Proa) = E(Xp—1 | Pr2) = Xp—2
We can repeat this argument (or use induction) to deduce that
E(Xk | Py) = X; (4.5)

for any j < k. Thus, the martingale condition is equivalent to (4.5) holding for
all j < k.

Of course, if (4.5) holds for all £, then in particular
E(XN | Pj) = X;

for all 5. Actually, this alone is enough to imply that X is a martingale, for if this
holds for all j, then taking the conditional expectation with respect to P;_; gives

Xjo1=E(Xn | Pjm1) = E(E(Xn | Pj) | Pj—1) = E(X; | Pj-1)
and so X is a martingale.
Theorem 4.2 Let (2, P) be a finite probability space. Let
F = (Py,P1,...,Pn)

be a filtration on ) and let
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X = (Xo, X1,..., Xn)

be a stochastic process adapted to F. The following are equivalent:
1) X s a martingale,

E( X1 | Pr) = Xie
or in terms of change,

EA 1 (X) | Pr) =0

for all k=0,...,N —1; that is, X is “fair” over any one-period time
interval [ty 1, tg]-
2) Xis “fair” over any time interval [ty ty;]; that is,

E(Xkvi | Pr) = Xk (4.6)
or in terms of change,
E(Akk+i(X) [ Pr) =0
foralli Oandk O forwhichk+1i < N.

3) Xis “fair” over any time interval of the form [ty tN]; that is,
E(XN | Pr) = Xk
or in terms of change,
E(ArN(X) [ Pr) =0
forallk =0,...,N — 1.

4) X is fair at every intermediate state By € Py, that is, the local martingale
condition

E(Xpv1 | Bi) = Xi(By)
holds forallk =0, ..., N — 1 and for all states B} € Py.

Moreover, if X is a martingale, then
E(Xk) = E(Xp) = Xo(0Q) 4.7
or in terms of change,
E(Aok(X)) =0
forall0 < k < N.

Proof. Everything has been proven except the final statement. To see that (4.7)
holds, note that (4.6) and the fact that X is constant on {2 give for k = 0,

E(X)1a = E(X; | Po) = Xo m

As we will see in the next chapter, the fact that X}, can be computed from Xy by
taking conditional expectation; that is, the fact that
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X, =& Xy | 'P;g)

is very important to the matter of option pricing. Indeed, if we think of Xy as
the known final value of a financial instrument, such as the final value
Xy = (St — K)™ of a call option, then we will see that any prior value of the
option can be computed from this final value in a fair (no-arbitrage) market.

An Example

Let us generalize the coin-tossing example described earlier. If w = a;---a, is a
string of length n, we use [w]; to denote the prefix a;---a; of w of length k; that
is,

[al...a"]k — al. . .ak
Now consider the following game. During each time interval (¢;_1, {1 ), where
to <t <---<tn

a coin is tossed and a record is kept of the results. Thus, after &k tosses, we have
recorded a string of [’s and 1"s of length k. Let

Q= {Ha T}k
be the set of all sequences of H’s and 71"s of length k, for k =1,..., N. We
denote Q2 simply by €.

At first glance, one might be tempted to define the time-t; intermediate states of
the game as the sequences ¢ € 2. However, in order to form an information
structure, we need to think in terms of partitions of the set {). Accordingly, we
will define the time-¢;, state associated with each string 6 € €0 as the subset

Fi(6) ={w e Q[ [ = 6}

of all strings in {2 with prefix 6. Also, we think of the final states of the game as
the elements w € (2, rather than the one-element subsets {w}.

For example, as shown in Figure 4.6, the two time-t; states are
Fi(H)={HHH,HHT,HTH,HTT}
and
F()={THH,THT,TTH,TTT}
At time ¢y, there is only one initial state, which is the entire set 2.
At any time 1, the 2¥ subsets F,(6) form a partition
Pr = {Fr(61), ..., Fr(62r)}

of €, where &i,...,065 are the elements of {H,T}*. Tt is clear that P} is a
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refinement of P;_; and that
F = (Py,P1,-..,Pn)

is an information structure on ). Figure 4.6 shows the state tree for the game
when N = 3. We have labeled each node with both the prefix 6 € €2, and the
state F(6) € Py.

Figure 4.6: State tree for the game

Now let us suppose that for each heads, a player wins 1 dollar and for each tails
the player loses 1 dollar. Let X}, be the random variable on €2 that denotes the
player’s winnings at time t. In particular, for any w € €2, let

Xi(w) = Nu([wlr) — Nr([w]k)

where Ny denotes the number of heads and Ny denotes the number of tails.
Thus,

X = (Xo, X1,..., Xn)

is a stochastic process on 2, where Xy = 0. Moreover, each X} is Pj-
measurable, since every element w € F(8) has the same prefix § and so X}, is
constant on F,(6). Thus, X is adapted to the filtration [F.

Let us now assume that the probability of getting heads is p and that the coin
tosses are independent. Then we can define a probability measure on {2 by

P({w}) = pNH(w)qNT(w)
for w € ), where ¢ = 1 — p. Each state F,(6) € Pj, has exactly two children
Fk+1(6H> and Fk+1(6T)

and the conditional probabilities are
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P(Frs1(6H) | Fe(6)) =p and P(Fi1(6T) | Fi(6)) = q

so we label the edges of the state tree using these conditional probabilities as
follows:

Fi(6) = Frpr(6H)
and
Fi(8) = Frs1(87)

We have seen that the probability of any intermediate state is just its path
number and so

P(Fi(6)) = H(Fi(6)) = p"*Vg"™®
To determine whether the winnings stochastic process X is a martingale, we
check the local martingale condition
E(Xpa1 | Fi(6)) = Xp(Fi(6))
which is equivalent to

E(Xri1lzs))

A Ng (8) — Nr(6) (4.8)

For convenience, let the winnings associated with the partial result ¢ be
W(6) = Ng(6) — Np(6)

Now, X1 takes two values on Fj(6): one value on the child Fj,1(6H) and
one value on the child Fj1(67"). In particular,

X1 (Fria(6H)) = W(6) + 1

and
X1 (Fraa (6T)) = W(6) — 1
Also,
P(Fir1(6H)) = pP(Fi(6)) and  P(Fi1(6T)) = qP(Fi(6))
and so

EXkrlz ) = (W(6) + DpP(Fi(8)) + (W (6) — 1)gP(F%(6))
(W(6) + p— @)P(Fx(6))

Hence, the left side of the local martingale condition (4.8) is

E(Xkr1lrs)
P(F%(6))

= Nu(6) = Nr(6) +p—q
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and so we have proved that X is a martingale if and only if p = ¢; that is, if and
only if the coin is fair.

Exercises

1. Consider a game with three times ¢y < t; < t2. A pair of fair dice, one red
and one blue are rolled at time ¢, but you do not see the result. At time 1,
you are told the number on the red die. Draw a state tree with path
probabilities.

2. Consider the following game. At time ty, a fair coin is flipped. At time ¢; a
second coin is flipped. At time 9, a third coin is flipped if and only if the
first two coins turned up heads. Can you construct a state tree for the final
outcome of the coin flip?

3. Create a state tree with at least three levels. Label each edge with a positive
real number in such a way that the path numbers form a probability
distribution for each level (after level 0) but that the probability of some
parent is not equal to the sum of the probabilities of its children.

4. Prove directly without using Theorem 4.1 that if 6 € €, then

P(Fi(8)) = p"* "™

5. Suppose that X = (Xy,..., Xy) and Y = (Y, ..., Yy) are F-martingales.
Show that

X4+Y=(Xo+Y,...,Xn+ Yn)
is also an [F-martingale.
Exercises on Submartingales and Supermartingales

Let X = (Xo,...,Xxy) be a stochastic process with respect to a filtration
F = (Py,...,Pn). Then X is a submartingale if X is adapted to IF and

E(Xpi1 [ Pe) Xk
Similarly, X is a supermartingale if X is adapted to F and
E(Xps1 | Pr) < Xie

6. Show that X is a supermartingale if and only if —X is a submartingale. Are
submartingales fair games? Whom do they favor? What about

supermartingales?

7. (Doob Decomposition) Let (Xj,...,Xxy) be an F-adapted stochastic
process.
a) Show that there is a unique martingale (M, ..., My) and a unique

predictable process (Ag,...,An) such that X, = M+ A, and
Ay = 0. Hint: Set My = Xy and Ay = 0. Then write

Xpp1 — Xp = Mpy1 — My + Apyr — Ay

and take the conditional expectation with respect to Pr. Use the
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martingale condition to get an expression for Ay ; — Aj. Then sum
from k=0 to k=n—1. Once you have determined A, set
M = X — A and show that A and M have the required properties.

b) Show that if (X) is a supermartingale then Ay, is nonincreasing (that is
Ap1 < Ag). What if (X},) is a submartingale?

Let X = (Xj | k=0,...,T) be a stochastic process.

a) Prove that for any partition P

max{£(X. | P)} < E(max{X;} | P)
b) Prove that if X and Y = (Y;,...,Ywn) are submartingales then the
process defined by
Zy, = max{ Xy, Y;}

is also a submartingale.
Define the positive part of a random variable X by

X = max {X,0}

If X = (Xo,...,Xn) is a martingale, show that X* = (X,..., X}) is a
submartingale.



Chapter 5
Discrete-Time Pricing Models

We now have the necessary mathematical background to discuss discrete-time
pricing models; that is, pricing models in which all transactions take place at one
of a finite number of times.

The derivative pricing problem is the problem of determining a fair initial
value of any derivative. The difficulty is that the final value of the derivative is
not known at time ¢ = 0, since it generally depends on the final value of the
underlying asset, which depends on the state of the economy at the final time.
Thus, we will assume that the final value of the underlying is a known random
variable on the space of all final states of the economy.

Assumptions
We will make the following basic assumptions for the model.
A Unit of Accounting

All prices are given in terms of some unit of accounting, also called the
numeraire. This numeraire may be dollars, eurodollars, pounds sterling, yen and
so on. We will generally think in terms of dollars.

Assumption of a Risk-free Asset

We will assume that there is a special asset called the risk-free asset. For each
time interval [tj,?,41], the risk-free asset increases in value by a factor of
e (ti=t-1) \where 7, is the risk-free rate for that interval. Furthermore, we
assume that the risk-free rates are known in advance. Practical examples of
securities that are generally considered risk-free are U.S. Treasury bonds and
U.S. federally insured deposits.

Additional Assumptions

In addition to the previous assumptions, we also assume the following.
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Infinitely Divisible Market

The market is infinitely divisible, which means that we can speak of, for
example, \/5 or —7 shares of a stock.

Frictionless Market

All transactions take place immediately and without any external delays. (In
reality, transactions do not occur immediately. In fact, many transactions, such as
the purchase of stocks and bonds, have a settlement time ranging from 1 to 3
days.)

Perfect Market

The market is perfect; that is,

e there are no transaction fees or commissions,

e there are no restrictions on short selling,

e the borrowing rate is the same as the lending rate.

Buy-Sell Parity

As an extension of the notion of a perfect market, we assume that any asset’s
buying price is equal to its selling price; that is, if an asset can be bought for .5,
then it can also be sold for S. (In reality, most assets have a bid price and an ask
price. To purchase an asset from a broker, the investor must pay the broker’s ask
price. When selling an asset to a broker, the investor receives the broker’s bid
price.)

Prices Are Determined under the No-Arbitrage Assumption

As we have discussed at length, we will do all pricing under the assumption that
there are no arbitrage opportunities in the market.

The Basic Model

Here are the basic ingredients of the discrete-time model. We will use the
symbol M to denote such a model.

Time
The model M has 7"+ 1 times
to <ty <---<tp
Note that there are precisely 1" time intervals [t;—1,1;] fori=1,...,T.
Assets
The model has a finite number of basic assets
A={ay,...,a0,}

The asset a; is assumed to be the risk-free asset; all other asset are risky. As
mentioned, we denote the risk-free rate for the time interval [ty t51] by 7.
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States of the Economy

At the final time t¢7, we assume that the economy is in one of m possible final
states, given by the (final) state space

Q= {wla"'awm}

In fact, we will think of both the element w; and the singleton set {w;} as a final
state, whichever is more convenient at the time.

To model our partial knowledge of the final state of the economy, we use an
information structure

F=(Po,Pr,...,Pr)

on the state space (2, called the state information structure for the model M.
The partition

Pi - {Bi,la ceey Bz,mz}

of ) is called the time-t; state partition. For i < T, the blocks of P; are called
the time-¢; intermediate states. Figure 5.1 shows the state tree for the model.
We will denote the state tree for M by T.

P, P, P, P;

_{Ewmei]

< B'ﬂm—1={wm—1}
t t t t

0 1 2 T

Figure 5.1: The state tree T
Note that since I is an information structure, we have

Po={Q} = {{w1,...,wn}}
and

Pr={{wi}, o {wm}}
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Natural Probabilities

We assume the existence of a probability measure on () that reflects the
likelihood that each final state in € will be the actual final state. These are called
natural probabilities. Natural probabilities are generally either postulated based
on economic theory or chosen empirically based on economic data.

Asset Prices

In a discrete-time model, each asset has a price at each time ¢; that depends on
the state of the economy at that time. This calls for a price random variable S ;
for each time ¢; and for each asset a;. Since we want the price random variables
for each asset to form a stochastic process, all price random variables S; ; are
defined on the final state space {). Moreover, since we know the time price at
time ¢;, the price .S; ; must be PP;-measurable.

Definition

I) For each time t; and each asset aj, the price random variable S; ;: @ — R
is a nonnegative P;-measurable random variable for which S; j(w) is the
time-t; price of asset a; under the final state w € 0.

2) For a fixed time ty, the vector

(Sk1y+++Skin)

of asset prices is called the price vector for time 1.
3) For a fixed asset aj, the sequence

Sj = (So0,js -+ 575)

is a stochastic process, called the price process for asset a;. It describes the
evolution of the price of asset a; over time.

4) For the risk-free asset, the price random variables are constant; that is,
they do not depend upon the state of the economy (which is precisely why
they are called risk-free). In particular,

Sop =1
and for all times i > 0,
Sil — eﬁl(h*tn)_ el 1(ti—t; 1)

where 1y is the risk-free rate for the time interval [Ly, t1].00

Note that for each 7,
Si,l — erifl(ti_tifl)si_lﬂ

Note also that the price processes S; are adapted to the filtration F.
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Discounted Asset Prices

To compare a payoff of A; dollars at time ¢; with a payoff of A; dollars at time
t;, we must discount both payoffs to the same time period, which we generally
take to be the initial time to, using the risk-free rates. The time-t, discounted
value of A; dollars at time ¢; is therefore

A

A. = A- —ria(ti—ti 1), —ro(ti—to) —
i — A€ € -
Si,l

Thus, the discounted ty-value of A; is the time-t; value of A; in the units of the
risk-free asset. We can now say that a payoff of A; at time ¢; is better than a
payoff of A; at time ¢; if and only if

Zl‘ > Zj
This explains the importance of the following definition.

Definition For a discrete-time model M, the discounted asset prices are given
by

g . _ Sij

Si;=
2 Si,l
The value S; j is also called the (time-t;) present value of S; ;.1

Note in particular that

Si1=1
and so, as expected, the risk-free asset has a constant unit price in units of itself.

We should also remark that the overbar notation is a bit dangerous, since it does
not specify the time period over which the discounting should be computed.
Thus, the context must make that clear. For example, g@j means divide by 5;,
but §i+1,j means divide by S; 1 1.

Portfolios and Trading Strategies
In a discrete-time model M with time periods
tg < --- <tp

an investor is permitted to buy or sell a particular asset of the model at any of the
times t;. Any purchase or sale at time ¢; remains in effect until the next time
period t;,1; that is, assets are held (as long or short positions) during the entire
time interval [t;, ;1]

Since it is reasonable to allow these holdings to depend on the state of the
economy at the time of acquisition, these holdings are random variables.
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Moreover, since the quantity of an asset held during a time interval [¢;_;, ;] must
be known at the starting time ¢;_;, these random variables must be P;_;-
measurable. Here is the formal definition.

Definition

1) The asset holding for asset a; during the time interval [t;_1,t;] is a P;_1-
measurable random variable 0; ;, where 0; ;(w) is the quantity of asset a;
held during this time interval under state w € §). A positive value of 0; ;
indicates a long position and a negative value of 0;; indicates a short
position.

2) The asset holding process for asset a; is the stochastic process

S, = (01,...,07;)
3) A portfolio for the time interval [t;—1,1;] is a random vector
O, = (0i1,...,0in)
on ) where 0; ; is the asset quantity for asset a; over this time interval.[]

Rolling Assets

If an asset a; is sold at a given time ¢, and the proceeds are used to immediately
repurchase the same asset, we say that the asset is rolled over at time ¢;. (We
will explain the reason for this seemingly purposeless action in a moment.) Thus,
the quantity of the asset does not change by rolling the asset over and no money
is required, because we are assuming that there are no commissions or fees on
sales or purchases.

If one or more assets aj,...,a; are sold at time t; and the proceeds are
immediately used to acquire an asset ay, we say that the assets a;,,...,a; are
rolled into asset ay.

Portfolio Rebalancing

The use of portfolios in a discrete-time model is a dynamic process that proceeds
as follows. At the initial time ¢, the investor acquires the first portfolio

0, = (01’1, [N Hl,n)

which is held through the time interval [{o,{;]. Note that the random variables
01 ; are Py-measurable; that is, constant.

At time ¢, the investor must liquidate the portfolio ®; and acquire a new
portfolio ©,, although there is nothing to prevent the investor from simply
rolling over each asset in the portfolio, in symbols, ©s = ©;. Even in this case,
however, for reasons of consistency it is simpler to think in terms of complete
liquidation followed by acquisition. This does no harm since the model is
assumed to be commission-free.



Discrete-Time Pricing Models 109

In general, at time ¢; the portfolio ©; is liquidated and the portfolio ©;,; is
acquired. This process is referred to as portfolio rebalancing. The sequence of
portfolios obtained through portfolio rebalancing has a name.
Definition A trading strategy for a model M is a sequence of portfolios

® = (04,...,07)
where ©; = (6;1,...,0;,) is a portfolio for the time interval [t;_1,t;). O
Models are Two-Dimensional

As shown in Figures 5.2 and 5.3, a discrete-time pricing model with at least two
assets can be thought of as a two-dimensional structure, with time on the
horizontal axis and assets on the vertical axis.

Price vector
for time ¢

i assets

. S0,1 b Sj,1 b ST,1 a1
Price process o .
L ]
for asset a, N N
- » So,k e o o Sj,k e o o STk ak
: .
o .
So,n e o o Sj,n e o o ST,n an

time tO e o o t] o o o tT

Figure 5.2: Price processes and price vectors
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Portfolio
for interval [t , 1]

assets
O,, © o @ O, o e e 0O a
Holding process | :"1 " :1
for asset a, . N
- > e1,k e o o ej,k e o o eTk a,
e1 n e e ej,n e ° e eT,n an

time [tt] bl [t]1 f] o o o [t t]

)
Figure 5.3
For each time t;, we have two asset-related vectors: a price vector
Si=(Sj1,...,5n)
and a portfolio (or holdings vector)

6] == (0]71, e ,e‘j,n)

for the interval [t;_;,¢;]. For each asset aj, we have two stochastic processes: an
[F-predictable asset holding process

Qp = (Ors -, 01k)
and an F-adapted price process

Sk = (Soks--» ST k)

The Valuation of Portfolios

Since a portfolio ©; exists only during the time interval [¢;_1,¢;], it makes sense
to assign a value to ©; only at the acquisition time ¢;,_; and the liquidation time
t;. The acquisition value or acquisition price of the portfolio ©; is defined by
the inner product

Vifl((_) ) 615 Sz 1 Zez ]Sz 1,5
and the liquidation value or liquidation price of O; is defined by

Vi(6;) = (0, 8;) Z@;S,J
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We can also discount the portfolio values
Vi1(0;) = (04, 5;-1) 29 Sic1j = fVi—l(@i)

and

As with individual asset prices, it makes no sense to compare nondiscounted
portfolio prices from different time periods; only discounted prices can be
compared meaningfully.

Note that the discounted value of a quantity 0, of the risk-free asset at time t;,
is just equal to the quantity 0}, ; itself, since

Or15k1
AOkL g
S o1

In short, for the risk-free asset,

quantity = discounted value

Thus, if at time ¢, we wish to roll some or all of the assets of a trading strategy
into the risk-free asset and if the time-t; value of these assets is V/, after selling
the assets, we must buy V' units of the risk-free asset.

Self-Financing Trading Strategies

For a trading strategy ® = (01, ..., ©p), if the acquisition price of ©;; is equal
to the liquidation price of ©;, then no money is taken out or put into the model
during the time-t; rebalancing process. These are the only types of trading
strategies that we will consider.

Definition A trading strategy ® = (©1,...,0Or7) is self-financing if for any time
t; where i #£ 0,7, the acquisition price of ©;1 is equal to the liquidation price
of ©;; that is,

Vi(©i1) = Vi(©:) o

Thus, a self-financing trading strategy is initially purchased for the acquisition
value Vy(01) of the first portfolio and is liquidated at time ¢7, producing a final
payoff of Vp(©7). No other money is added to or removed from the model
during its lifetime.

The set 7 of all self-financing trading strategies is a vector space under the
operations of coordinate-wise addition
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(@171, ey @17T) + (@2’17 e 627T) = (@1’1 + @2’1, ey @LT + @2’]‘)
and scalar multiplication
a(©1,...,07) = (aB,...,a0O7)
Proof of this is left to the reader.
We can extend the use of the symbol V; to self-financing trading strategies by

defining the time-¢; value of ® to be the common value of the liquidation price
of ©; and the acquisition price of ;1. In symbols

Vi(®) = Vi(0;) = Vi(0i41)

Of course, this makes no sense for non self-financing trading strategies. We will
refer to V() as the initial cost of the trading strategy ¢ and to Vp(®P) as the
final payoff of ®.

Definition The stochastic process
V= (VO((b)a sy VT((I)))
is called the value process for ®. The discounted value process is
V=W(®),...,Vr(®)) O
Note that since the prices are F-adapted and the quantities are [F-predictable, it
follows that the value process is also F-adapted.
Example 5.1 One of the simplest trading strategies consists of the initial
acquisition of a single unit of asset a;, which is held throughout the model. Thus,

0, =(0,...,0,1,0,...,0)

for all ¢, where the 1 appears in the jth coordinate. We denote this trading
strategy by ®[a;] and call it the single-asset trading strategy. For this trading
strategy, the value process is just the price process; that is,

(Vo(®),...,Vr(®)) = (So,..., 51,) = §;

Thus, a price process is a special type of value process.[

Theorem 5.1
1) If ©y and O, are portfolios for the time interval [t;_y,t;), then
Vi—1(a©1 + b03) = aV;_1(01) + bV;_1(02)
Vi(a@l + b@g) = aVi(@l) + bVl<@2)

foralla,b € R.
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2) If &1 and ®s are self-financing trading strategies, then
Vi(a®1 + bP2) = aV;(P1) + bV;(Ps)
foralla,b € R.O
Discounted Gains

The change in value of a portfolio over a period of time is called the gain.
However, we must be careful to properly discount the values to obtain a
meaningful measure of gain.

Definition Ler ® be a self-financing trading strategy.
I) For j <k, the discounted gain G ;. from time t; to time t;, is

Gyu() = Vil®) = V() = goVi(®) = 5-V(@)

2) For any time ty, the (cumulative) discounted gain G/, is
Gi(®) = Vi(®) — Vo(®)
We refer to Gr(®) as the discounted final gain in ®.]
Note that the discounting is always done relative to the beginning of the model;
that is, to time ¢;. Since we are concerned only with discounted gains, we will

sometimes use the term gain to mean discounted gain. It is clear that gains are
additive; that is, for 7 < k < £ we have

Gje(@) = Gjr(®) + Gra(®)
It is also clear that the risk-free asset contributes naught to the discounted gain,

since the discounted value of the risk-free asset is equal to the quantity, which
does not change by itself.

The absolute value of a negative gain is sometimes referred to as a loss. For
example, a gain of —5 dollars is referred to as a loss of 5 dollars.

Example 5.2 The discounted gain in the single-asset trading strategy ®][a,] is the
change in the discounted price of the asset; that is,

Grpim(®[a5]) = Skimj = Skj = Dkpim(S)) g

Changing the Initial Value of a Trading Strategy

If ®=(04,...,0r) is a self-financing trading strategy, we can create a new
self-financing trading strategy simply by changing the initial quantity of the risk-
free asset and rolling over this additional quantity throughout the model. This
has no effect on the discounted gain and so it can be used to produce another



114 Introduction to the Mathematics of Finance

trading strategy with the same gain as the original trading strategy but with 0
initial cost.

In symbols, adjusting the risk-free asset by a gives a new trading strategy &' =
(0],...,0,) defined by
O, = O + (alg,0,...,0)
for all k. The time-t;, value of ®’ is
Vi(®') = Vi(®) + aSk
In particular,
Vo(®') = Wo(P) + a
and so if a = —V)(®), then the new trading strategy has zero initial value.

Preserving Gains in a Trading Strategy

Given a self-financing trading strategy, there are ways to isolate and preserve
any gains made over a given period of time and for certain intermediate states by
modifying the original trading strategy. For the present discussion, let
® = (04,...,0;) be a self-financing trading strategy.

Locking in a Gain

We say that a self-financing trading strategy ' = (07,...,07.) locks in the
gain in ® up to time ¢, if

Gr(®') = GL(D)

To define @', we follow the original strategy ® until time ¢, at which time we
simply roll all assets into the risk-free asset and continue to roll over the risk-free
asset for the rest of the time. At time ¢, the portfolio is worth V;,(©},) and this is
equivalent to V;(0;) units of the risk-free asset (recall that for the risk-free
asset, quantity equals discounted value). Thus, the new trading strategy @' =
(0,...,05)is

o — (OB ifl <i<k
L (Vr(©9),0,...,0) ifk+1<i<T
for k = 0,...,T. Since the risk-free asset does not produce any discounted gain,
we have

Gr(®) = Gp(®) + Gir(P) = Gr(P') = Gr(P)

and so ®' does indeed lock in the gain of ® up to time ;. Note that this makes
sense for k£ = 0, since in this case we simply lock in the initial value of ® by
acquiring only the risk-free asset at time ¢y and so
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05 = (Vo(60),0,...,0)
It also makes sense for k = T, since in this case we do nothing but follow .
Starting Late Using Cash-and-Carry

The opposite of locking in is starting late. To preserve the gain in ® starting at
time ¢, we do nothing until time ¢; < {7, at which time we cash-and-carry the
portfolio ©y 1. (This is instead of selling O and buying Oy 1, which is what we
would have done if we had invested in ¢ from the beginning.) Then we follow
the trading strategy ® and simply roll over our debt to the end of the model.

If &' = (©,...,07%) is this new trading strategy, then doing nothing before time
t;. means that
O, =0if1 <i<k

ét time ¢, the value of O is V;(Ox11) and so we must borrow the quantity
Vi (Ok11) of the risk-free asset in order to buy O1. Hence,

;erl = Ok — (Vk(@kﬂ)ﬁ, ...,0)
Since we simply roll over the risk-free asset from that point on, we have
0} = 0; — (Vi(©k41),0,...,0)
foralli Kk + 1. Thus,
@/__{0 B if1<i<k
L0 = (Vi(©p1),0,...,0) ifk+1<i<T

for k=0,...,T — 1. Note that this makes sense for k£ = 0, since in this case we
have

0, =0, — (Vo(©1),0,...,0)

which is a cash-and-carry of the initial portfolio ©;. It also makes sense for
k =T, in which case starting at the end of the model means doing nothing at all!

Starting Late and Then Locking In

Of course, we can start late and also lock in a gain at a later time. Starting late
gives the trading strategy

{O ifl <i<k

[
0= @i—(m(@k+1),07...70) ifk+1<:¢<T

K3

Now, at time tj,, the value of this trading strategy is
Vk+m(@;§+m) = Vk+m(®k+m) - Vk(®k+1)sk+m,l

and so the discounted value is
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Vim0 im) = Virm(Okim) — Vi(Ori1) = Grpom(P)

Hence, locking in at time ¢, produces the trading strategy

m k,k+m k,k+m
Bk — (@l offikim)
given by
0 forl <i<k
@Ek’k+m): 0; — Vi(0111),0,...,0) fork+1<i<k+m
(ak7k+m(¢)a07'”70) ifk+m<i<T
The discounted gain of ®(##) is thus

Gr(®HFm) = Gpim(®)
Thus, ®##7) Jocks in the gain in ® from time t;, to time t;,.,,. We will denote
k1) simply by &),
Restricting the States

Suppose we want to lock in a gain only for certain states of the economy, say the
states

A={By,...,Br,} C Py
It is a simple matter to adjust our trading strategy to restrict activity just to these
states: We simply multiply by the indicator function 15 of the union
B =By U---UBy,
to get

0 if1<i<k
ek ™ L = L ©,15 — (Vi(©4:1),0,...,0)1p ifk+1<i<k+m
(§k7k+m(q))ﬂ07 70)13 ifk+m<i S T

k,k+m)

The discounted gain of ®! 1p is thus

Gr(®FFm1 ) = G o (P) 15
and so ®*#+tm)] 5 locks in the gain in ® from time ¢ to time t;_,, under the
states in .4 only and has 0 gain for all other states.

We can now summarize.

Theorem 5.2 Let & = (©1,...,07) be a self-financing trading strategy, let
[t, ti+m] De a time interval, let

A={By,...,Br}



Discrete-Time Pricing Models 117

be a collection of time-1, states in Pj, and let

B:Bklu---UBks

Then the self-financing trading strategy ®55+™)1 5 defined by

0 ifl<i<k
O ™M1y =8 015 — (Vi(0411),0,...,0015 ifk+1<i<k+m
(ak7k+m(q))ﬂ07"'70)13 (fk+m<Z§T

locks in the discounted gain in ® over the interval [ty, L] for the states in A
only, that is

Gr(@FH™ 1) = Gy (®)15 O

The following special case of starting late and locking in a gain is especially
important.

Example 5.3 (Single-asset, single-period, single-state trading strategy) Let
®[a;] be a single-asset trading strategy. If we start this strategy at time ¢; and
lock in the gain at the next time ¢;, for state B € P only, the resulting trading
strategy is

0 if1<i<k
0;=<{ (=Sk,...,0,1,0,...,0)1p ifi=k+1
(=Sk;+ Ski15,0,...,001p ifk+1<i<T

This trading strategy, which we denote by ®[a;, ¢, B] is the most “atomic”
trading strategy possible: Buy and hold one unit of one asset for one time period
in one state only. In fact, we will call these the atomic trading strategies. The
final gain in an atomic trading strategy

Gr(®[aj, ty, B]) = Grpn (o)) 15 = Apjsa (S))15
is the change in price from ¢, to ¢; for asset a; in state B.[]

Arbitrage Trading Strategies

It is now time to formally consider the notion of arbitrage in a discrete-time
model. Arbitrage is a situation in which there is no possibility of loss but there is
a possibility of a discounted gain; that is, a gain relative to the risk-free asset.
Recall that a random variable X is strictly positive, written X > 0, if X(w) 0
forall w € © and X (w) > 0 for some w € €.

Definition A self-financing trading strategy ® is an arbitrage trading strategy
or arbitrage opportunity if

GT((I)) >0 |



118 Introduction to the Mathematics of Finance

Some authors require that an arbitrage trading strategy have initial value O.
However, since we have seen that the initial value of a trading strategy can easily
be adjusted to produce a new self-financing trading strategy with initial value 0
without changing the discounted gain, this requirement is not really necessary.

Note that according to the definition, a model will have arbitrage if the gain in
any atomic trading strategy is strictly positive; that is, if

éT((I)[aja Lhs B]) >0

for some asset a;, some time ¢;, and some state B € Pj. In other words, all it
takes to have arbitrage is a single asset a; that has a positive discounted gain
during a single time period [t t;11] for a single intermediate state B € Pj. This
is illustrated in Figure 5.4. In particular, assuming that $10 grows to a value no
greater than $11 under the risk-free rate, the figure shows that the asset price can
rise from $10 to either $11, $12 or $13. This produces an arbitrage opportunity:
Do nothing until time ¢;. Then, if the state is B, borrow $10 and buy the asset.
Then sell the asset and repay the debt at time ¢;,;. In all other situations, do

nothing.
:

ol

tk tK+1

Figure 5.4

On the other hand, a model with at least two non-risk-free assets may have
arbitrage even though the afomic trading strategies are not arbitrage
opportunities. We leave proof of this as an exercise.

However, we can show that an arbitrage trading strategy ¢ must exhibit arbitrage
on some child subtree of the model; that is, the discounted gain from some
parent state to each of its child states must be nonnegative and one such gain
must be positive, in symbols

éT((I)) >0 = ék—Lk((I))lB >0

for some time ¢, and some state B € P._;. (The child subtrees are “atomic” in
the sense that they involve only one time interval and only one parent state, but
may involve more than one asset.) To prove this, let £ 1 be the smallest index
for which G (®) > 0. If k = 1, then
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éo}l(@)lﬂ >0

and so there is arbitrage on the child subtree of the root node. Hence, we may
assume that k£ > 1. Since the gain Gj_1(®) is Pj_i-measurable, for each
B € Py_1, the value of G;_1(®P) is a constant ¢z on B and so

0<Gr(P)lp=Gr1(P)1p+ Gro14(P)1p = cplp + Gr14(P)1p
that is,
—cplp < Gpo11(P)15
Now let us examine the possibilities for the constants cp as B ranges over Py_1.
If cg < 0 for any B € Pj_1, then ék_l,k(tb)lg > 0 and there is arbitrage on the
child subtree of B. Thus, we may assume that cg 0 for aEB € P,_1. But then
if ¢g >0 for any of the states B € Py_;, we have Gj_1(®) > 0, which

E)ntradicts the definition of k. Hence, ¢g =0 for all B € P,_; and so
Gr-1(®) = 0. It follows that

Gro1(®) = GL(®) >0
and so at least one of the child subtrees at B € Pj_; must satisfy
Gr14(®)15 >0
that is, the child subtree at B exhibits arbitrage. Thus, in all cases, there is

arbitrage on a child subtree of the model.

Theorem 5.3 Let M be a discrete-time model. Then an arbitrage trading
strategy ® for Ml must exhibit arbitrage on some child subtree of the model; that
is, the discounted gain from some parent state to each of its child states must be
nonegative and one such gain must be positive, in symbols

@k,Lk((I))lB >0
for some time 1, and some state B € Pj,_1.01

Martingale Measures

Arbitrage is an unfair condition in the market that is brought about by the unfair
pricing of one or more assets. Hence, it should come as no surprise that a model
will be arbitrage free if and only if its price processes are fair; that is, if and only
if its price processes are martingales. Proof of this key fact, called the First
Fundamental Theorem of Asset Pricing, is our next major goal.

Definition Let M be a discrete-time model with state information structure

F=(Po,...,Pr)
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A probability measure P on §) is a martingale measure (also called a risk-
neutral probability measure) for M if
1) P is strongly positive; that is,

P(w) >0
Sforallw € Q. B B
2) For each asset aj, the discounted price process (Soj,...,St;) is a
martingale; that is, for all k 0,
Ep(Skr1,j | Pr) = Sk O

We should emphasize that a martingale measure is a theoretical probability
measure and generally has nothing whatever to do with the natural probability of
a final state of the model, which is often determined from empirical data.

As a simple example, consider a one-period model and a “stock” whose initial
price is 0 and whose final price is determined by flipping a coin. If the coin
comes up heads, the price is 2 and if the coin comes up tails, the price is —1.
Then assuming a risk-free rate of 0, the probability measure

1 2
P(heads) = 3 P(tails) = 3

is a martingale measure, since the expected final price is 0. Note that this
probability has absolutely nothing to do with the natural probability of the coin
returning heads.

For convenience, let us recall some facts about martingales given in Theorem
4.2. First, if P is a martingale measure, then every discounted price process is
fair for every interval of time [ty t.;]; that is,

E(Spsij | Pr) =Sk

for any 7,k 0. Second, at any time ¢;, the discounted unconditional expected
price of any asset a; is the initial price of that asset; that is,

E(Sky) = So;

Characterizing Martingale Measures

There are a number of ways to characterize martingale measures. Let P be a
strongly positive probability measure.

First, we have the local martingale condition, which says that P is a martingale

measure if and only if

E(Ski1y | B) = Sk (B)
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for all assets a;, all times ¢, and all states B € P, where 0 < k < T'. In words,
the expected time-t; ., price Sj1; of asset a; under the conditional probability
measure P( - | B) is just the time-t;, price of the asset on state B. As we will see
later, this formula is useful in actually computing martingale measures.

In terms of gain, the local martingale condition is
E(Ap(8y) | B) =0
However, Example 5.3 shows that
E(Gr(®[aj,tr, B])) = E(Arp+1(S))1p) = P(B)E(Arr1(S;)) | B)

and so the local martingale condition is equivalent to the condition that the
expected gain of all atomic trading strategies is 0, in symbols,

E(Gr(®[aj, tr, B])) =0 (5.1

for all assets a;, all times ¢ and all states B € P. This result characterizes the
martingale condition, which is a condition involving conditional expectation, in
terms of a statement involving only unconditional expectations.

Theorem 5.4 Let M be a discrete-time model with state information structure
F=(Po,...,Pr)

A strongly positive probability measure PP on ) is a martingale measure for M if
and only if the expected gain of every atomic trading strategy is 0, in symbols,

E(GT((I)[C‘J" Uk, BD) =0

for all assets a;, all times ty, and all states B € Py, where 0 < k < T.0

According to the definition, a strongly positive probability measure P is a
martingale measure if and only if all discounted price processes S; are
martingales. In fact, P is a martingale measure if and only if all discounted value

processes
(Vo(®),..., Vr(®))
for all self-financing trading strategies ® = (O, ..., Op) are martingales.
One direction of the proof follows immediately from the fact that a discounted
price process is a discounted value process. For the other direction, suppose that

P is a martingale measure. Then for any value process (Vo(®),...,Vr(®)),
since 011 ; is Pr-measurable, we have
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EWVi(®) | Pr) =€ (Z Ok 11,5SKk+1,7 ‘ Pk>
=1
= Zg(9k+l,j§k+17j | Pr)
=
= Zek+17jg(§k+17j | Pr)
=1

= Z Or+1,jSh,
=1
= Vi(®)

and so the discounted value process is a martingale.

Now, we can expand on this result as follows. If the discounted value process of
any self-financing trading strategy ® is a martingale, then Theorem 4.2 implies
that

E(Vr(®)) = Vo(®)

forall 0 < k < T In terms of gains, since VO(CP) is a constant, this is

E(GL(®) =0
for all 0 < k < T'. Of course, this implies that the expected final gain is 0,

E(Gr(®) =0
But we can now take ® to be the atomic strategies ®[aj,t;, B] and invoke
Theorem 5.4 to show that IP is a martingale measure. Hence, we have come full
circle.
Theorem 5.5 Let Ml be a discrete-time model with state information structure

F=(Po,...,Pr)

The following are equivalent for a strongly positive probability measure IP.
1) P is a martingale measure; that is,

Ep(Arki1(Sy) | Pr) =0

forallj=1,...,n. B B
2) The discounted value process (Vo(®),...,Vr(®))of any self-financing
trading strategy ® is a martingale; that is,

EpVit1(®) = Vi(®) | Pr) =0

or, in terms of gain,
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Ep(Grpi1(®) | Pr) =0

forallk =0,...,7 — 1.
3) The expected discounted cumulative gain of every self-financing trading
strategy ® and for every time t;, is 0; that is,

Ep(Gr(®)) =0

or equivalently, Ep(Vi(®)) = Vo(®).
4) The expected discounted final gain of every self-financing trading strategy
D is 0; that is,

Ep(Gp(®)) =0

or equivalently, Ep(Vr(®)) = Vo(P).
5) The expected discounted final gain of every atomic trading strategy is 0;
that is,

Ep(Gr(®[ay, by, B])) =0
for all assets a;, all times t;, and all states B € Py, where 0 < k < T.0

Characterizing Arbitrage

We are now ready to prove the First Fundamental Theorem of Asset Pricing. For
our proof, it helps to take a geometric approach by viewing a random variable
not as a function, but as a vector. In particular, if we fix the order of the elements
of Q, say Q= (wi,...,wn), then any random variable X:Q — R can be
identified with its vector of values

X = (X(w1),..., X(wn))

We will use the same notion for the random variable X and the vector X. In this
connection, we make the following definition.
Definition Let X = (x4, ..., z,,) be a vector in R™.
1) X is nonnegative, written X 0 if

z; Oforalli=1,...,m
2) X is strictly positive, written X > 0if X 0and

x; > 0 foratleastonei=1,...,m

3) X is strongly positive, written X > 0 if

x; >0foralli=1,...,m O

Of course, a random variable X is nonnegative, strictly positive or strongly
positive if and only if the corresponding vector X has this property. We also
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view a strongly positive probability measure P on ) as a strongly positive
probability vector 11 = (71,...,7,,), where m; = P(w;) fori =1,...,m.

Theorem 5.6 (The First Fundamental Theorem of Asset Pricing) A discrete-
time pricing model M has no arbitrage opportunities if and only if it has a
martingale measure.

Proof. By definition, the model M has no arbitrage opportunities if and only if

Gr(®) #0

for all self-financing trading strategies ®. On the other hand, Theorem 5.5 says
that a strongly positive probability measure P on () is a martingale measure if
and only if

Ep(Gp(®)) =0

for all self-financing trading strategies . We must show that these two
properties are equivalent.

One direction is pretty easy. If Ml has a martingale measure P and if

Gr(®) = (91,1 9m)
then
0= E&(Gr(®)) = giP(w1) + -+ + gnP(win)
and since PP is strongly positive, it follows that G7(®) cannot be a strictly

positive vector; that is, G7(®) % 0. Hence, M has no arbitrage opportunities.

For the converse, we must work much harder. Assume that M has no arbitrage
opportunities; that is, G7(®) % 0 for all self-financing trading strategies ®. Of
course, since @T(Cb) is a random variable (or a vector), we cannot conclude that
G7(®) <0, as we could with real numbers.

We wish to find a strongly positive probability vector 1I = (m1y..., ) for
which En(Gr(®)) = 0 for all self-financing trading strategies ®. Note that the
expected value can be written as an inner product

En(Gr(®)) = 30 Cr(®) @), = (Cr(®),11)

so we seek a strongly positive probability vector II for which
(Gr(®),11) =0

Actually, it is sufficient to find a strongly positive vector 11 = (1, ..., mp,) for
which this equation is valid, since we can divide each coordinate m; by the sum
o =Y m; to get a strongly positive probability measure with the same property.



Discrete-Time Pricing Models 125

Now, since the discounted gain function G is a linear transformation on the
vector space of all self-financing trading strategies, it follows that the set G of all
final gain vectors

G = {Gr(®) | ® is a trading strategy} C R™

is a subspace of R™. The absence of arbitrage condition Gr(®) # 0 is
equivalent to the condition that this subspace intersects the nonnegative orthant

RY? = {(z1,...,zm) | s O}
in R™ only at the origin; that is,
GNRT = {0}

Thus, in geometric terms, we must prove that if a subspace G of R™ intersects
the nonnegative orthant trivially, then there is a nonzero vector II in the first
quadrant (and hence strongly positive) that is orthogonal to G.

The case m = 2 is shown in Figure 5.5.

R?

[=(n,,m,)

g

Figure 5.5: The case R?

In this figure, G is a one-dimensional subspace of R? that intersects the first
nonnegative quadrant trivially. It is pretty clear from the figure that there is a
vector 11 = (71, 7m2) in the first quadrant that is orthogonal to G. To prove this,
note that the subspace G is a line through the origin with slope m < 0. Hence,
the line y = —x/m is orthogonal to G, since its slope is the negative reciprocal
of the slope of G. Hence, IT = (m, —1) will do.

Unfortunately, this geometric argument does not generalize easily to larger
dimensions. However, in Theorem A.7 of Appendix A, we prove that there does
exist such a vector orthogonal to G. The proof requires some facts from
convexity theory, which are developed in that appendix.[]
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Computing Martingale Measures

Computing a martingale measure P for a discrete-time model (if it exists) is
actually quite easy, since it amounts simply to solving a series of systems of
linear equations. Suppose we have labeled the edges of the state tree for the
model with positive real numbers. Figure 5.6 shows a child subtree with parent
By, and children

{Bk+1,1’ ey Bk+1,sk}

Also, the edge label from By, t0 By 1 1S P15

Figure 5.6: The child subtree at By,

Theorem 4.1 implies that the path numbers for the final states form a probability
distribution IP on €2 if and only if the sum of the labels on each child subtree is 1;
that is, if and only if

Sk
1= peii (5.2)
i=1

Moreover, in this case, the edge labels are the conditional probabilities
Pr+1,i = P(Bit1, | Br)
Therefore, the local martingale condition at By,
E(Skr17 | Br) = Si,(Br)

can be written in the form
Sk
Skj(Br) = Zsk+1,j(8k+1,i)pk+1,i (5.3)
i=1

for each 7 =1,...,m. We will refer to equations (5.2) and (5.3) as the local
martingale equations for a martingale measure.
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Theorem 5.7 Let M be a discrete time model. If the edges of the state tree are
labeled with positive real numbers py,1; as described above, then the path

numbers define a martingale measure P on ) if and only if the local martingale
equations (5.2) and (5.3) hold.TJ

We can use the local martingale equations to compute a martingale measure by
working backward in time, as shown in the following example.

Example 5.4 The left half of Figure 5.7 shows a state tree, with stock prices for
a two-asset model. We assume that the risk-free rates are 0.

Figure 5.7: Computing martingale probabilities

For the state B; 1, the local martingale equations are (using the simpler variable
names x; and y; for the variables)

T +y =1
90z, + 80y, = 85

whose solution is 1 = y; = 1/2, as shown on the right in Figure 5.7. Similarly,
for block B » we have

To+ 1y =1
80z + T5ys = 78

with solution zy = 3/5, y» = 2/5. Finally, for the block By ; we have

z3t+ys =1
853 + 7T8ys = 80

with solution x5 = 2/7, y3 = 5/7. Thus, the martingale measure is given by the
path numbers
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Moreover, since this model has a martingale measure, the First Fundamental
Theorem of Asset Pricing implies that the model is arbitrage-free.[]

The Pricing Problem: Alternatives and Replication

We now come to the issue of pricing financial instruments, such as derivatives,
under the assumption that the market is arbitrage-free. Note that the instrument
to be priced is not one of the assets in the model M. (All assets in the model
already have prices.)

To effectively price a financial instrument at any time ¢; < ¢, we need the final
time-t7 payoff random variable for the instrument. For stock options, this is not
a problem, since the final payoff of a call option is

X =(Sr—-K)*
and the final payoff of a put option is
X=(K-5p)"

where K is the strike price. For example, in a two-state economy, suppose ds is a
stock with initial price 100 and final price

ST(wl) = 1207 ST(wg) =90
Then a call with strike price K = 95 has final payoff

N N 25 ifw=uw;

X@ = 6r- 1)@= {7 fes

Actually, from the point of view of pricing a financial instrument, all that matters
is the payoff random variable X—the precise nature of the instrument (call, put,
uranium mine, etc.) is not relevant. Thus, we are really pricing random variables
under the no-arbitrage assumption. When a random variable is thought of as a
final payoff, it has a special name.

Definition A random variable X:€) — R is also called an alternative, or
contingent claim. ]
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Note that some authors require that an alternative be nonnegative, the idea being
that a claim based on an option will not have negative payoffs, since the claim
will simply expire worthless. However, we do not make this additional
restriction.

In some sense, any alternative X:{) — R defines a “financial instrument” with
final payoff X. In fact, we will assume that for any random variable X: ) — R,
some investor will be willing to buy and some investor will be willing to sell a
“financial instrument” whose final payoff is X. (Actually, this is one of the few
assumptions about the market that we have made that is actually plausable.)

Thus, the pricing problem is the problem of pricing alternatives. The procedure
for pricing an alternative X is first to find a self-financing trading strategy &
within the model whose final payoff is equal to X; that is, for which

Vi(®) = X

Then we simply set the time-{j, price of X equal to the time-t; price Vi (®P) of .
Indeed, any other choice will lead to arbitrage (when the alternative is added to
the model). For if the time-{), price P, of X is not equal to Vi (®), then an
investor can enter the market at that time, buying the cheaper of ® and X and
selling the more expensive one. This produces a profit at time ¢; and at the end
the investor can liquidate his long position and use the proceeds to exactly pay
off the short position.

This prompts the following definition.

Definition Let M be a discrete-time model and let X:€) — R be an alternative.
A replicating trading strategy for X is a self-financing trading strategy ® in
M whose payoff is equal to X; that is, for which

Vr(®) = X

An alternative X that has at least one replicating strategy is said to be
attainable. The model M is complete if every alternative is attainable.[]

The set M of all attainable alternatives is a subspace of the vector space RV({2)
of all random variables on §2. We leave verification of this to the reader.

Computing a Replicating Trading Strategy

Finding a replicating trading strategy ® = (04,...,07), if it exists, for an
alternative X is also just a matter of solving some systems of linear equations,
working backward in time. The key observation is that for a self-financing
trading strategy ®, if we know the time-t;, liquidation value V;(©y) then the
equation

(Sk, Or) = Vi(Or) 54)



130 Introduction to the Mathematics of Finance

can be used to compute the quantities ©,. Then we can compute the time-t;_;
acquisition value Vj,_1(©y), which gives us the liquidation value Vj_1(©)_1),
since

Vi-1(Ok-1) = Vi-1(O4)

Then the process can be repeated. Thus, starting with the known final liquidation
value Vr(®) = X and working backward in time, we can compute the entire
trading strategy ®. Let us look at an example.

Example 5.5 Figure 5.8 shows the state tree from Example 5.4. We assume that
the risk-free rates are 0.

Figure 5.8: A state tree

Let us compute a self-financing trading strategy ® = (01, ©-) that replicates the
alternative X defined by

X(wl) = 100,X(w2) = 90,X<W3) = SO,X(W4> =170

Thus, we want O, to satisfy

100 ifw = wy
90 fw=w
V2(0:)(w) = 80 ifw= wi
70 ifw=uwy

The liquidation value equations (5.4) for the child subtree at B; ; are
92}1((4)1) + 909272((,01) =100
92,1(002) —+ 809272((4}2) =90

However, O is constant on B;; = {wi, w2} so we may replace wy by w; in the
second equation to get

92,1(001) —+ 909272((4)1) =100

ngl(u)l) + 80(9272((,01) =90

which has the unique solution
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@2((4)1) = @2(@02) = (10, 1)
In a similar way, the equations for B o are

9271((4}3) —+ 8092,2 (W3) =80
9271((,04) + 7592’2 (w4) =170

and the previewable condition gives

9271((,03) + 8092’2 (w3) =80
9271((4}3) + 7592,2 (W3) =170

with solution
O2(ws) = O2(ws) = (—80,2)
Thus,

@2((4)1) = @2(@02) = (10, 1)
O2(w3) = O2(ws) = (—80,2)

Now we can compute the time-¢; values,

Vi(01)(w1) = V1(O2)(w1) = 10 +85 -1 = 95
V1(®1)(w3) = Vl(@g)(wg) =-80+78-2=176

From the values of V;(0;), we get the equations

9171((4}1) —+ 8591,2(001) =95
9171((,03) + 78913(&)3) =176

But ©, is constant on €2, and so for any w € (2

91}1((4)) + 85913(&)) =95
91,1(00) + 7891,2(00) =76

This system has solution

950 19
Oulw) = (‘777)

which is a portfolio consisting of a short position (sale) of 950/7 ~ 135.71 units
of risk-free asset and a long position (purchase) of 19/7 = 2.71 shares of stock,
for an initial cost of
950 19 570
——+4+80- — = — ~81.43

7 * 7 7
Thus, for an initial cost of $81.43, we can acquire a portfolio that will replicate
X. Note that under some states we have a profit; under others a loss. This is
expected in a model with no arbitrage.[]
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The Law of One Price and the Pricing Functionals

It is clear that the replicating strategy procedure can only be used to price
attainable alternatives. However, there is still one potential problem, and that is
the problem of multiple replicating strategies for a given alternative having
different initial values. However, the assumption of the absence of arbitrage
implies that this cannot happen.

Definition 7he Law of One Price is the statement that
Vr(®1) =Vr(P2) = Vi(P1) = Vi(P2)
for all 0 < k < T and for all trading strategies 1 and $,.01

The absence of arbitrage implies that the Law of One Price must hold and the
Law of One Price ensures that the following pricing functionals are well-defined.

Definition Ler M be a model with no arbitrage. For any time t;, the time-ty
pricing functional 7,: M — R is defined on the vector space M of all
attainable alternatives as follows: If X € M, then

Zi(X) = Vi(®)
for any replicating trading strategy ® for X. If k = 0, then T = 1 is called the
initial pricing functional.[]
Therefore, to price an alternative X at time t;, we first find a replicating trading
strategy ® and then set

Zi(X) = Vi(®)

However, we can say more. According to Theorem 5.5, if IP is a martingale
measure for the model, then all discounted value processes are martingales; that
is, for all times ¢y,

EVr(®) | Pr) = Vi(®)
Hence,
In(X) = Vi(®) = EVr(®) | Pr) = E(X | P)
where X = X /Sr .
Theorem 5.8 Let M be a discrete-time model with no arbitrage and let P be a

martingale measure for M. Let X be an attainable alternative.
1) The discounted time-t;. price of X is

Tip(X) = E(X | Pr)
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where X = X /Sr1. In words, the discounted time-t, price of X is simply
the conditional expectation of X given Py under the martingale measure IP.

2) In particular, the initial price of X is just the expected discounted final
value under the martingale measure,

Ty(X) = &p(X) O
Example 5.6 Let us consider once again the alternative
X (w1) = 100, X (w2) = 90, X (w3) = 80, X(wg) = 70
from Example 5.5. A martingale measure for this model was given in Example

5.4 by

]P’(wl) = z

o Pl =g Plw=3, P)=:

14’
and so Theorem 5.8 implies that
Io(X) = & (Vr(®))

=100 2 +90 2 + 80 §+70 2
B 14 14 7 7
570

7
~ 81.43

just as we found in Example 5.5, but with a lot less computation!]

The previous example shows that the martingale measure can save a great deal of
effort in pricing alternatives.

Uniqueness of Martingale Measures

We have seen that a discrete-time model M is arbitrage-free if and only if it has a
martingale measure. It is natural to wonder if a model can have more than one
martingale measure.

Recall that a model M is complete if every alternative in R™ is attainable; that is,

if for every X € R™ there is a self-financing trading strategy ® such that
Vr(®)=X

We will use the following fact from linear algebra. Any strongly positive

probability distribution Il = (71, ..., 7,) on €, where Pr(wy) = 7 defines an
inner product on the vector space R™ by

<X7 Y>H = Z TiYiT;
i=1
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Observe also thatif 1 = (1, ..., 1), then for any vector (random variable) X,
(X, L) =) am = En(X)
i—1

and so the inner product gives the expected value. Now we can resolve the issue
at hand.

Theorem 5.9 (The Second Fundamental Theorem of Asset Pricing) Let M be
a model with no arbitrage opportunities, and hence at least one martingale
measure. Then there is a unique martingale measure on M if and only if the
model M is complete.

Proof. Suppose first that M is complete and that II; and Il, are martingale
measures on M. We want to show that I1; = II,. Theorem 5.5 implies that

En,(Vr(®)) = Vo(®) = &, (Vr(®))
and since the discounting periods are the same, we have
&, (Vr(®)) = En,(Vr(®))

But since M is complete, all random variables on €2 have the form Vp(®) for
some self-financing trading strategy ¢ and so

&, (X) = &, (X)
for all random variables X on (2. Taking any w € €2 and setting X = 1y, gives
P, (w) = Pr, (w)
which implies that I1; = Il5. Thus, the martingale measure on M is unique.
For the converse, suppose that Il is a martingale measure on M and that the
market is not complete. We want to find a different martingale measure II* on

M. Since M is not complete, the vector space M of all attainable vectors is a
proper subspace of R™.

Let us consider the inner product defined on R™ by the martingale measure 11.

Since M is a proper subspace of R™, there is a vector Z = (z1,...,2y) that is
orthogonal to M; that is, for any attainable vector X = (z1, ...,z ), we have

<X,Z>H = inziﬂ'i =0
i=1

Since the vector 1 = (1,...,1) is attainable (just buy 1/S71 units of the risk-
free asset and roll it over), we have
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0= <1,Z>1‘[ = szﬂ'k

k=1

Now consider the vector IT* = (7}, ..., 7, ) where

= (1 + czp)
and ¢ € R. We can arrange it so that II* is strongly positive (7, > 0 for all k) by

choosing ¢ small enough. Also,

m

m m
E 77,’;:2 T&'k—‘rCE 2T = 1
k=1 k=1

k=1

and so II* is a strongly positive probability measure. Moreover, for any
attainable vector X € M,
& (X) = ;T

-

N
Il
—

1
Ms

xi(mi + ezim;)

XT; T+ C E T2

X)

1

.
Il

Il
uMs

|
o

II

Hence, since the attainable vectors are precisely the vectors Vr(®), we can say
that for any self-financing trading strategy ®,

& (Vr(®)) = En(Vr(2))
and since 11 is a martingale measure, Theorem 5.5 implies that
En (Vr(®)) = En(Vr(®)) = Vo(®)
But this same theorem then tells us that IT* is also a martingale measure.[]

Exercises

1. Prove that a model may have arbitrage even though the atomic trading
strategies ®[a;, t;, B] do not exhibit such behavior.

2. For the state tree in Figure 5.8, compute a self-financing trading strategy
® = (01, O,) that replicates the alternative

X(w1) =95, X(we2) = 90, X(ws3) = 85, X(wyq) =75

Assume that the risk-free rates are 0.
3. For the state tree in Figure 5.9,
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Figure 5.9

replicate the alternative
(100, 100, 95, 90, 90, 85)

Assume that the risk-free rates are 0. Hint: There is more than one possible
answer.

Suppose that some derivative asset (such as an option) is not priced at its
fair price at some time t; in some state B € P;. Explain how to take
advantage of this opportunity to make a profit.

Consider the following game. Three fair coins are flipped. The player wins
if three heads occur, otherwise the casino wins. For every $0.25 the player
wagers, the casino must put up $2.00, making the wager fair. Imagine now
that the casino wants to hedge its position against a player who wishes to
wager $1 million. (The casino is at risk for $8 million.) Accordingly, the
casino finds a “market maker” in coin-tossing bets and does the following:
Before the first toss, it bets $1 million on heads at even money; before the
second toss (if there is one), it bets $2 million on heads at even money and
before the third toss (if there is one), it bets $4 million on heads at even
money. Track the value of the casino’s and the player’s portfolio during the
game. Justify the statement that the casino has entered into a self-financing,
replicating complete hedge.

Prove that the set 7 of all self-financing trading strategies is a vector space
under the operations of coordinate-wise addition

(©11,...,017) + (O21,...,027) = (01,1 + O21,...,017+ Oa 1)
and scalar multiplication
a(01,...,07) = (aO,...,aO7)
Consider the self-financing trading strategy
b =(04,...,07)

where
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©;,=0i1,...,0in)
For any nonzero real number a, let
o = (0,...,00)
where
0, = (011 +ala,...,0,)

Show that @' is self-financing.

Prove that the set M of all attainable alternatives is a subspace of the vector
space RV () of all random variables on €2.

Prove that the Law of One Price is equivalent to the following: For all
trading strategies @,

Vr(@®) =0 = V() =0

Consider a model M with two assets: the risk-free asset and a stock. If the
risk-free rates r; are large enough, will there always be an arbitrage
opportunity? Explain your answer. Does this apply to models with more
than one risky asset?

Consider the following game. A set of 3 coins exists. The first coin is fair,
the second coin has probability of heads equal to 0.55 and the third coin has
probability of heads 0.45. Draw a state tree indicating the possible outcomes
along with their probabilities. Find the path-weight probability distribution.
Show that the replicating relation defined by ®; = ®, if and only if &,
replicates ®, is an equivalence relation on the set of self-financing trading
strategies; that is, the relation satisfies the following conditions:

a) (reflexivity) &, = &,

b) (symmetry) &; = &, implies &5 = P,

c) (tranmsitivity) ®; = &, and ¢y = P53 implies ¢; = P3

Prove that if any strictly positive alternative is attainable then the market is
complete.

A self-financing trading strategy & is admissible if its value at all times is
nonnegative; that is, V;(®) 0 foralli =0,...,7". Prove that if a model M
has an arbitrage trading strategy, then it also has an admissible arbitrage
trading strategy.

A Single-Period, Two-Asset, Two-State Model

Consider a simple single-period, two-asset, two-state model M. The model has
two assets .4 = (a1, a2) where a; is the risk-free bond at rate r and a, is an
underlying stock with initial price Sy and final price S7. The model has only two
states of the economy; that is, @ = {wy,w»}. It is customary to express the final
stock price in terms of the initial price. In state w; the stock price is multiplied
by a factor u so that
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St = Sou
and in state wo the price is multiplied by a factor d so that
St = Sod
We will assume that d < u. The following exercises pertain to this model.
15. Show that M is complete if and only if d < u.
16. Consider an option with payoff X given by

X(wl) = Ju
X(w2) = fa
Find a replicating portfolio for X.

17. Find the initial price of X in the previous exercise.
18. Set

and show that the price of the derivative is
el fu+ (1 —m)fd]

What does this tell you about (7,1 — 7)?

19. Show that there is no arbitrage in this model if and only if d < ™ < u.

20. A day trader is interested in a particular stock currently priced at $100. His
assessment is that by the end of the day, the stock will be selling for either
$101 or $99. A European call is available at a strike price of $99.50. How
should it be priced? Assume that r = 4%.

21. a) Suppose a certain security is currently selling for 160. At time 7" the
security will sell for either $200 or $140. Price a European put on this
asset with strike price $180, assuming no arbitrage and interest rate
r=0.

b) Suppose you are fortunate enough to acquire the put described above
for only $20. Describe the various portfolios that include the put that
will guarantee a profit.

A Single-Period, Two-Asset, Three-State Model

Consider now a single-period, two-asset model with three states. Assume a risk-
free rate of 0. Suppose that

Spa =25
and
Slyg(u)l) = 40, Sl’g(wg) = 30, Sl’g(u)g) =20

22. Show that the model is not complete.
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Find all martingale measures for this model.
Show that the following are martingale measures:

1 4 7
HIZ To’10’ 10
12712712

114
HQ: PR
6°6°6

Find a replicating trading strategy (portfolio) and price a call option with
strike price 20 using the two martingale measures of the previous exercise.



Chapter 6
The Binomial Model

In this chapter, we discuss a specific discrete-time model known as the binomial
model, first described in 1979 by John Cox, Stephen Ross and Mark Rubinstein.
In Chapter 10, we will use this model to derive the famous Black—Scholes option
pricing formula.

The General Binomial Model

Here are the details of the general binomial model, which we denote by M.

Times

The lifetime of a binomial model is a positive number L, which is divided into T’
time intervals

o<ty <---<tp
of equal length At; that is, ¢; — t;_y = At. Thus,
L=tr—ty=TAt

Assets

The binomial model has only two assets: The risk-free asset a; and a risky asset
as, which we will generally think of as a stock for concreteness.

The States of the Economy

The binomial model assumes that during each time interval [ty,{x.1], the
economy either goes up, called an up-tick in the economy or it goes down,
called a down-tick in the economy. Moreover, each movement is independent of
previous movements. We will denote an up-tick in the economy by U and a
down-tick by D. Thus, the state space for the model is the set

Q=Qp={U,D}"
of all strings of U’s and D’s of length 7. These are the final states of the
S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 141
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economy. We also let Q; = {U, D}* be the set of all strings of U’s and D’s of
length k. Figure 6.1 shows a portion of the state tree for the binomial model.

Figure 6.1: State tree for a binomial model

We denote the prefix of any we€ Q of length k by [w];. For each
6 = e1---e € i, the intermediate state Bs € P, is the set of all final states
having prefix ¢; that is,

Bs ={we Q| w]p =6}

Thus, Pj; has exactly 2% blocks. For example, if 7' = 4, then P, consists of the
four intermediate states By, Byp, Bpy and Bpp. For instance,

Byy ={UUUU,UUUD,UUDU,UUDD}

(We have underlined the prefix in each case.) At time iy, there is only one
(initial) state B, = (). This corresponds to the empty string €, which is a prefix
of all strings.

Each block B;s € P has exactly two children Bsyy and Bsp and so a tree with
this property is called a binary tree. This also accounts for the name binomial
model.

The Natural Probabilities

For each time interval [{), 1], there is a natural probability p; of an up-tick
in the economy as well as a natural probability 1 — p; of a down-tick.

The Price Functions

The time-t;, price of the stock is denoted by Sy, which is a random variable on
Q. If the economy has an up-tick during the interval [tg,{.1], the stock price
rises by a factor of u; 1 to Sy 1 = Skuyg. If the economy has a down-tick, the
stock price falls by a factor of 0 < dj, < 1 to Sy 1 = Skdy. We call uy, the time-
t up-tick factor, d; the time-t;, down-tick factor. The values u; and dj are
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called the tick parameters of the model. Note that
0<d, <1<uy

We also require that an up-tick followed by a down-tick be the same as a down-
tick followed by an up-tick, in symbols,

Updp1 = dpUps1
or equivalently,

Uk+1 djs11
U, dp

for all k. Trees with this property are said to be recombining.

If w e Q, we let §;,(w) be the product of the up-tick and down-tick factors that
determine the time-t;, price Sj. For example, if the final state of the economy is
w=UUDUDDU, then 85(w) = upuidauzdy and so

S5(w) = Spupuidousds = Spbds(w)
In general, we have
Si(w) = Spb(w)
for any w € €2 and in particular, the final price is
Sp(w) = Sebr(w)

The fact that S), is Pj-measurable is reflected in the fact that the value Sj(w)
depends only on the prefix [w]; of w and thus only on what has happened up to
time .

The price of the risk-free asset is, as always, given by the risk-free rates. As
usual, we let rj, be the risk-free rate for the interval [ty, tg1].

Martingale Measures in the Binomial Model

Let us now compute a martingale measure [P for a binomial model. We use the
local martingale condition as described in the previous chapter. Figure 6.2 shows
a child subtree for the time interval [tg,{j;1] in the state tree of a binomial
model.
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Figure 6.2

The local martingale equations that define a martingale measure are
ugk(B)ﬂ'k + d?k(B)(l - 7T1§> = gk(B)

where the overbars on the left mean divide by Si.1,; and the overbar on the right
means divide by Sy, ;. Hence,

’U,Sk(B)ﬂ'k + dSk(B)(l - 7Tk) = €TkAtSk(B)

which simplifies to

ury, + d(1 — ) = e

(We can still use this equation to define 7 even if Si(B) = 0.) Hence, the unique
martingale measure probability is given by

erkAt _ dk;

T =
up — di,

provided that it is also strongly positive; that is, provided that 0 < 7, < 1 for all
k or equivalently,

di < erkAt < Ug

for all k.

Theorem 6.1 The binomial model is free of arbitrage if and only if
dp < erkAt < U

for all k=0,...,T — 1. In this case, the model is complete and the unique
martingale measure P on M is defined by the path numbers in the state tree
when the up-tick edges of the tree are labeled with the martingale up-tick
probabilities

eTkAt _ dk

T —
up — dy,
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and the down-tick edges are labeled with the martingale down-tick
probabilities 1 — 7, as shown in Figure 6.2..00

Pricing in the Binomial Model

Since the binomial model is arbitrage-free and complete, the pricing functionals
Ty, are well defined. In particular, for any random variable X on €2, Theorem 5.8
implies that

To(X) = e ™AE(X)

where r = Y 7 is the sum of the risk-free rates and the expected value is taken
under the martingale measure.

Standard Binomial Models

A binomial model is standard if the following hold:

1) the up-tick probabilities u = wy, are the same for all times

2) the down-tick probabilities d = dj; are the same for all times

3) the risk-free rate r = r}, is the same for all times
4) the natural probabilities are the same for all times

The models that we have described above are sometimes called flexible models
to distinguish them from standard models. The terms standard and flexible also
apply to the state tree of a binomial model.

We summarize the properties of a standard model in the following theorem. Let

Ny (w) = number of U’s in w
Np(w) = number of D’s in w

Theorem 6.2 The standard binomial model is free of arbitrage if and only if

rAt

d<e™<u

In this case, the time-tj, stock price function Sy, is given by
Sp(w) = SOuNU([w]k)dND([w]k)
for any w € Q. In particular, the final price is
St(w) = Spulv () gho()

Moreover, the model is complete and the unique martingale measure P on M is
defined by

P(w) = 7@ (1 — 7)o

for any w € Qp, where
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erAt —d
"m= —-
u—d
is the martingale up-tick probability.[]
Pricing in a Standard Binomial Model
The pricing functional has a nice form in a standard model,
To(X) = e LE(X)
=Y X (w)P(w)
weN
= ey X (w)r (1 — m)Nol)

weN
For a call option, the final payoff is
X(w) = (Sr(w) — K)* = (Sou’v@aol) — )+

But this depends on w only through Ny (w), since Np(w) =T — N,(w) and so
we can regroup the terms in the final summation based on the value of Ny (w).
Hence, for each of the (f) sequences w € {2 with exactly k U’s, we have

X(w) = (Soud™* — K)*

Thus, we have a nice formula for the price of a European call option under a
complete standard binomial model. A similar argument works for put options.

Theorem 6.3 Let Ml be a complete standard binomial model with no arbitrage.

Then a European call option with strike price K expiring at the end of the
model has initial value

To(Call) = *TLZ ( ) SouFdTF — K)tak(1 — )Tk
and a European put option has initial value
To(Put) = _TLZ ( ) (K — SouFd?=Fytrh(1 — m)T=*

where
erAt —d
e
is the martingale up-tick probability.[]

Example 6.1 A certain stock is currently selling for 100. The feeling is that for
each month over the next 2 months, the stock’s price will rise by 1% or fall by
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1%. Assuming a risk-free rate of 1%, calculate the price of a European call with
the various strike prices K = 102, K = 101, K =100, K =99, K = 98 and
K =097.
Solution The martingale probability is

eTAt —d 6(0‘01)(1/12) —0.99

T u—d 0.02 0-5

and so

T = e“<01/6§% (i) (100(1.01)%(0.99)>7* — K)*(0.54)%(0.46)>~*

= 0.9983[0.2116(98.01 — K)* + 0.4968(99.99 — K)*
+0.2916(102.01 — K) ]

Thus, some calculation gives the following table:

K So O
102 | 0.0029
101 | 0.2959
100 | 0.5888
99 | 1.3725
98 | 2.1632
97 | 3.1615

Choosing the Tick Parameters in a Standard Binomial Model

Theorem 6.3 gives formulas for the prices of options under a binomial model. Of
course, these formulas involve the tick parameters u and d, as well as the risk-
free rate r. Notwithstanding the problem that these parameters are assumed to be
constant throughout the model—an assumption that is not very reasonable—we
still face the issue of how to choose the best values for these parameters to use in
our pricing formulas.

We can get some handle on the risk-free rate r by using U.S. Treasury securities
of an appropriate maturity or some other asset that is generally considered risk
free, such as federally insured bank accounts. Of course, different risk-free assets
will have different rates of return, which is a problem.

As to the issue of estimating the tick parameters u and d, one of the few actual
values to which we have access in building a model are historical asset prices.
Using these prices, we can estimate future trends through statistical means. For
example, we can assume that the expected value and variance for a stock’s price
over the future life of the model are approximately equal to these same values for
the relatively recent past. In order to relate these quantities to the choices for u
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and d, we must take a closer look at the movement in a stock’s price under a
binomial model.

Let p be the natural (not the martingale) probability of an up-tick in the market.
During each time interval, the stock price takes either an up-tick or a down-tick.
Hence, we can define independent Bernoulli random variables i, ..., Fr to
track these growth factors by

P(E,=u)=p
P(E,=d)=1—p

Then the stock price at time ¢, is given by

Sk = SoF1- Bk
and the final time-t7 price is
ST = SOEl...ET
Since
Skt
=K
S, k+1

we will refer to Fj.; as the simple return of the stock price over the time
period [t,lr+1]. We can convert the simple return Fjq into an annualized

instantaneous rate of return s, ; by solving the equation
By = €Sk“At

Thus, we define the (annualized) instantaneous return of the stock price for the
interval [ty 1] to be

1

Sk1 = Athg Era

To make the stock price look like exponential growth, we write
ST = S()El'”ET = Ser]OgEi = S()eHT

where

Sr a
Hr = log(S) = Zlog L;
0 i=1

is called the logarithmic growth of the stock price.

Now, the expected value y and variance s? of the instantaneous return are given
by
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1
= At5(10gEz-) = K(plogu + qlogd)
2 _
s (At) ——; Var(log E;) = (At)qu(logu log d)*
The constant y is called the drift and the constant

o=sVAt= \/LA_t\/ﬁ(logu —logd)

is called the local volatility of the stock price. (The quantity s is called the
instantaneous volatility of the stock price. The explanation for considering o
rather than s lies in the definition of Brownian motion given later in the book. In
any case, the reader need not worry about this issue now.) Thus, we have

E(log ;) = pAt and  Var(log E;) = o*At
and so we can standardize log F; to get (since o # 0)
log F; — nAt
oA
which are independent standard Bernoulli random variables with

{ —  with probability p

X, =

N

p

Xi = & with probability ¢

To write the logarithmic growth in terms of the random variables X;, we have

T
Hpr = Zlog E;

i=1

:ZuAt+J\/7X

1=1

L+ a\/EZXZ-
i—1

This formula expresses the logarithmic growth as a sum of a deterministic part
wL, which is a constant multiple of the lifetime L of the model and a random
part

T
Q == O'\/EZXZ‘
i=1

The stock price itself is given by



150 Introduction to the Mathematics of Finance

T
S = Syl = Spert @ — gyt A"
Thus, the drift defines the deterministic factor e/ in the stock price and shows
that the stock price behaves in part like a risk-free asset with risk-free rate . Put
another way, the deterministic term p/[ accounts for a steady positive change
(drift) in the stock’s price (if u # 0). The volatility determines the random
factor ¢©.

One final note. We have seen that the expected instantaneous return is

1 1
p= 5 Elog ;) = - (plogu + qlogd)

On the other hand, the expected return pu+ gd can be expressed as an
annualized instantaneous rate v defined by

pu + qd = €At
that is,
= —1 I ( + d)
V= o
N g(pu + q

We call v the instantaneous expected return of the stock price (note the subtle
difference in terminology).

Random Walks

The sequence (X7, ..., X7) that describes the random behavior of the logrithmic
growth of the stock price over each subinterval is an example of a random walk.
To understand random walks, imagine a flea that is constrained to jump along a
straight line, say the x-axis. The flea starts at the point x = 0 at time ¢ = 0 and
during each interval of time (of length At) jumps randomly a distance a to the
right or to the left. Assume that the probability of a jump to the right is p. This is
shown in Figure 6.3.

0!

I
0
Figure 6.3: The random walk of a flea

Each variable X; in the sequence (X;) describes a single step in the flea’s
perambulations and the partial sums

represent the position of the flea at time ¢j.
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Figure 6.4 shows two computer-generated random walks with p=¢=1/2.
(These are called symmetric random walks.) As is customary in order to see the
path clearly, each position of the flea is marked by a point in the plane, where the
z-axis represents time and the y-axis represents position.

Figure 6.4: Random walks

There are many formulations of the random walk scenario, involving for
example, drunks who are walking randomly along a street, gamblers playing a
game of chance or the price of a stock.

Let us summarize what we have learned about the binomial model. In Chapter
10, we will use this model to derive the famous Black—Scholes option pricing
formula.

Theorem 6.4 Let M be an arbitrage-free binomial model with lifetime L and
with T' time increments each of length At. Let p be the probability of an up-tick
in the stock price from S to Su and let ¢ = 1 — p be the probability of a down-
tick from S to Sd. Then the stock price is given by

T
pLtoV AtY X;
St = Spe =1

where the drift 1 and local volatility o are defined by
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1
p= g (plogu+qlogd)

1
o= \/—AT\/E(logu —logd)

The random walk portion of the stock price is given by

T
Yr = ZXZ-
i=1

where the random variables X; are independent standard Bernoulli random
variables defined by

{ ﬁ with probability p
X; =

\;T% with probability q

How to Choose the Tick Parameters

Returning to the issue of choosing the tick parameters u and d for a binomial
model, let us refer to the following parameters as the statistical parameters of
the model:

1) the drift (expected instantaneous return)
1
p=+;(plogu+qlogd)
2) the local volatility

1
o= \/—AT\/E(logu —logd)

3) The instantaneous expected return
1

Aglog(pu+qd)

Ij =
Assuming that we have estimated values for ¢ and one of y or v based on
historical pricing data, we can use these formulas to get estimates of the tick
parameters and the natural probability. The two most common ways to do this
are described below.

The Cox—Ross—Rubinstein Binomial Model

Suppose we have estimated the stock’s drift x and volatility o using historical
pricing data. Let us call these estimates fi and @, respectively. Then we
determine the values of u, d and p in such a way that i and p are equal (or
approximately equal) and similarly for o and 5.
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In 1979, Messieurs Cox, Ross and Rubinstein published a paper in which they
set

u:eﬁ\/g, d=u"'=eVA and p—%[lJrgvAt]
o
Then
! [plogu + (1 — p)logd]
n= Atp gu g
1
= —lplog(u/d) + logd]
— —[2p3\/At—a\/At}
At
o
= 2p—1
AJP J
SN NN
VALO
=7
and

o* = < pallog(u/d)

= At4[1+u\/7H \ﬁ] 22va]

~\ 2
-—a?k-_(é) Al
ag

=52 — *At

which approaches &> as At approaches 0. The binomial model with these
parameters u, d and p is called the Cox—Ross—Rubinstein model or CRR
model. Note, however, that these formulas do not always make sense, since the
condition 0 < p < 1 implies that |zi/&| < 1, which may not be the case.

The Equal-Probability Binomial Model

Another approach to choosing the parameters is to set p = 1/2 and set the
instantaneous expected return v and the volatility o to estimated values 7 and &,
respectively; that is,

6’:

(logu — logd)

1
2y At
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and
5 Llog (u + d)
At 2

Then

u+d=2e"M
and

u/d = 20VAL
and so

9 VA2V At 9 PAL

- 4=
T LAl 1 4 e20VA

The model with these parameters is called the equal-probability binomial
model.

Exercises

1.

A certain stock is currently selling for $50. The feeling is that for each
month over the next 2 months, the stock’s price will rise by 10% or fall by
10%. Assuming a risk-free rate of 1%, calculate the price of a European call
with strike price K given by

a) $52 b) $51 c) $50

d) $49 e) $48 f) $47

What about a European put with the same strike price and expiration date?
A certain stock is currently selling for $10. The feeling is that for each
month over the next 2 months, the stock’s price will rise by 5% or fall by
10%. Assuming a risk-free rate of 1%, calculate the price of a European call
with strike price K given by

a)$11 b)$10 ¢) $9 d) $8

What about a European put with the same strike price and expiration date?
Referring to Example 6.1, explain why there is a loss in all states except the
first; that is, there is a loss with probability 3/4.

Show that {U, D}* has size 2*. Hint: Use mathematical induction or the
fundamental counting principle (also known as the multiplication rule).
Show that

N

p

ﬁ with probability q

—L  with probability p
X; =

Show that the two values of a Bernoulli random variable X with p=1/2
are given by £(X) £+ /Var(X).
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An alternative X that depends on the final state only through the number of
U’s in the state is called a path-independent alternative. In particular, if
P is the partition of {2 whose blocks are the subsets G}, of 2 that contain
exactly k U’s

Gk:{MEQ‘NU(w):k}
then X is path-independent if and only if there are constants X, for which
X, = X(any w € Gy,)

fork=0,...,T.
a) Show that

ci- (1)

b) Show that the probability (under the martingale measure) of any
w € Gy is

7rgu(w)(l _ 7TU)Tng(w) _ 771[}(1 _ ﬂ_U)Tfk
¢) Show that the probability of G}, is
T
Pu(Gr) = (k >7r’5(1 — )tk

d) Show that if X is a path-independent alternative, then
a T
L(X) =X, ( L )H;,u — )Tk
k=0

Write a computer program or an Excel spreadsheet to compute the price of a
European call under the binomial model where 7" = 2.
Verify that

Ep(log E;) = plogu + qlogd
Var,(log F;) = pg(logu — logd)?

In a general discrete-time model, knowledge of the state of the economy at a
given time implies knowledge of the asset prices at that time. Why? Is the
converse necessarily true? What if at time ¢;, we know all previous states
and asset prices? Support your answer. What happens in the case of the
binomial model?



Chapter 7
Pricing Nonattainable Alternatives in an
Incomplete Market

In this chapter, we discuss the problem of pricing nonattainable alternatives in
an incomplete discrete-time model. It will be convenient in this chapter to fix an
order Q = (w1, ...,wy,) for the state space and think of all random variables
X:Q — R as vectors

X = (X(Wl)7”‘7X(wm))

In this chapter, we denote the discounted initial pricing functional Z, simply by
7. The overbar will be used in its customary way not to denote discounting but
to denote an extension of a function; thus, f is an extension of f.

Incompleteness in a Discrete-Time Model

It is often the case that a discrete model is incomplete. Consider, for example, a
single-period model. In such a model, a trading strategy reduces to just a single
portfolio © = (f4,...,0,), acquired at time ¢, and held for the single period of
the model. Hence, 6; is a constant for each i.

In order for an alternative X = (z1,...,x,,) to be attainable, there must be a
portfolio © that satisfies the following system of equations:

Sta(wi)bh + -+ Srp(w)0nh = 1

ST,I(wm)el + -+ ST,n(Wm)en = Tm

But if m > n, then there are more equations than variables and so there cannot
be a solution © for all possible vectors X = (1, ..., x,,). Hence, if the number
of states in a discrete-time model exceeds the number of assets, the model is
incomplete.

S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 157
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Mathematical Background

Before continuing, we wish to discuss some issues related to strongly positive
vectors and linear functionals that will be needed later. We write S < R™ to
denote the fact that S is a subspace of R™ and S < R™ to denote the fact that S
is a proper subspace of R™.

Strongly Positive Vectors

We begin with a result on strongly positive vectors.

Theorem 7.1

1) If Z € R™ is strongly positive, then all vectors “close” to Z are also
strongly positive; that is, there is a real number ¢ > 0 such that all vectors
X € S that satisfy | X — Z| < € are also strongly positive.

2) IfS<R™and Z € S is strongly positive, then S has a basis consisting of
strongly positive vectors.

Proof. For part 1), write Z = (z1,...,2,) and let ¢ = min{z;}. If | X — Z| < ¢
then

zi—x; <z —m| <7 = X| < e <z

and so we must have x; > 0 for all 4, whence X is strongly positive.

For part 2), let B = {71, Zs, ..., Z1} be a basis for S, where Z = Z; and let
D={Z1,Z1+Xa,..., 70+ \Z}}
where A > 0. To see that D is linearly independent, if
a1Z1 + a2(Z1 —+ )\ZQ) —+ -+ ak(Zl + )\Zk) = 0
then
(Zai)Zl = —)\(CLQZQ + -+ CLka)
and so Y a; = 0 and therefore a; = 0 for all 7. Thus, D is a basis for S. Now,
di = |21 = (Z1 + AZy)[| = M| Z ||

and so if A is sufficiently small so are the distances dj and part 1) implies that all
vectors in D are strongly positive.[]

Linear Functionals and Their Kernels

We begin with a definition.

Definition A linear functional on S < R™ is a function f:S — R satisfying
f@aX +bY)=af(X)+0f(Y)

forall a,b € R and X,Y € S. The set of all linear functionals on S is denoted
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by S§* and called the dual space of S. The kernel of a linear functional [ is the
subspace

ker(f) = {X € S| [(X) = 0} O

A nonzero linear functional f € §* is completely determined by its value on any
vector W € § that is not in ker(f). To see this, we decompose S into a direct
sum

S =ker(f) e (W)

To verify this decomposition, note first that ker(f) N (W) = {0}, since if
X € ker(f) N (W), then X = AW for some A and so

0= f(X)=Xf(W)
which implies that A = 0, whence X = 0. Also, for any X € S,

(9] f(X)
X(X f(W)W)+f(W)W€ker(f)+<W>
and so § = ker(f) @ (W). Thus, any X € S can be written in the form
X=Z+aW

where Z € ker(f) and a € R and so
fX)=f(Z+aW) = f(Z) +af(W) = af (W)

It follows that f is completely determined by its value on any W € S \ ker(f).

As a consequence, if f, g € S* have the same kernel K, then f and g are scalar
multiples of one another; that is, g = A f for some nonzero A € R. This is clear if
f or g is zero. If not, let

S=Ka (W)
where W € S\ K. Then for any X = Z + aW with Z € K, we have
M (X) = Aaf(W) = ag(W) = g(X)

andso g = Af.

Theorem 7.2 Let S < R™ and let f,g € S*.
I IfW e S\ ker(f), then

S = ker(f) & (W)
2) Ifker(f) = ker(g), then there is a real number \ for which g = fA.00
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The Representation Theorem for Linear Functionals

If S <R™andif Y € S, then the inner product by Y defines a linear functional
on S. Specifically, the function on S defined by

Iy(X) = (X,Y)

defines a linear functional on S, called the inner product by Y.

The following important theorem says that all linear functionals are given in this
way. We will denote the standard basis vectors in R™ by Fy, ..., E,,; that is,

E, = (0,...,0,1,0,...,0)

where the 1 is in the kth position.

Theorem 7.3 (The Riesz Representation Theorem) Let R™ have the standard
inner product.
1) IfS<R™and f € S* then there is a unique vector Yy € S such that

[(X)=(X,Y}) = Iy,
forall X € S; that is,
f - ny

We refer to Yy as the Riesz vector for f.
2) Thus, the map R:S* — S defined by

R(f) =Y}
is a bijection, whose inverse is
RUY) = Iy
3) The Riesz vector for a linear functional f on R™ is
Y= (f(E1), ..., f(Em))

Proof. For part 1), if f =0 then we can take Y; =0. If f # 0, then let
7 € (ker(f))* and write

S=ker(f)® (Z)
Now, f = Iy for some vector W if and only if
f=Iwonker(f) and f(Z)=1Iw(Z)
that is, if and only if
W € (ker(f))" and f(Z)=(Z,W)

But since (ker(f))" is one-dimensional, the first condition holds if and only if
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W = AZ for some scalar A. In this case, the second condition holds if and only
if f(Z) = (Z,\Z); that s, if and only if

)
(Z,2)

Hence,

1(2)
z.2)”

Yy =

for any Z € (ker(f))*. We leave proof of part 2) and part 3) to the reader.(]
Extensions of Linear Functionals
In general, a linear functional on a proper subspace of R™ has many extensions

to R™. Here is the formal definition of an extension.

Definition Let S < R™ and let f € S§*. An extension of f to R™ is a linear
Sfunctional f on R™ for which

forall X € 8.0

It is a well known fact from linear algebra that if S <R™, then a linear

functional f on S can be extended to a linear functional f on R™ as follows.
Extend a basis { X7, ..., X} for S to a basis

{X1, o, Xy Y1, o, Yog}
for R™. Then set f(X;) = f(X;) for all i and define f(Y;) arbitrarily for all j.
The function f defines a unique linear functional on R™ that extends f.
The following theorem characterizes extensions of a linear functional in terms of
their Riesz vectors. By way of notation, if X € R™ and S' < R™, then we set
X+S8S={X+Y|YeS}

Theorem 7.4 Let S < R™ and let f € S*. Let K = ker(f).
1) A linear functional g: R™ — R is an extension of f if and only if

Y, €Y+ 8"
2) Let f #0. For each U € K* that is not orthogonal to Yy, that is, for each
U € K+ \ {Y;}*, there is a unique scalar

_ WYy
A= <Yf7U>
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Sfor which Iy is an extension of f. Moreover, all extensions of f have this
form.
Proof. For part 1), f = g on S if and only if f — g is 0 on S; that is, if and only
if Y, — Yy = Yy_, € S*. For part 2), since

S=Ka& (Y)
a linear functional Iy on R™ is an extension of f if and only if
Iy(K) = {0} and Iy(Yy)= f(Y})
that is, if and only if
UeK*+ and (Y;,U)=(Y},Y})
Since f # 0, the second condition requires that (Y;,U) # 0; thatis, U ¢ {Y;}+.
Now, if a vector U € K+ \ {Y;}* does not satisfy the second condition, some
scalar multiple A\U of U will, since the second condition
(Y5, \U) = (Y, )
can be solved for a unique A, namely,

_ (YY)
A= <YfaU>

Thus, for each U € K\ {Y;}*, there is a unique scalar A for which I,y is an
extension of f and this accounts for all extensions of f.[]

Positive Linear Functionals

We define positivity for linear functionals in a manner consistent with our
definition of positivity for vectors.

Definition Let f: S — R be a linear functional on S C R™. Then

1) f is nonnegative, written f 0, if

X>0 = f(X) O

forall X € S.
2) f is strictly positive, written f > 0, if f is nonnegative and nonzero.
3) [ is strongly positive, written f > 0, if

X>0 = f(X)>0
forall X € §.03
It is not hard to see that in a model without arbitrage the initial pricing functional

7 is strongly positive, for if X > 0 is an attainable alternative whose initial price
Z(X) is not positive, then there is arbitrage.
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The following theorem characterizes positivity for linear functionals on R™ in
terms of Riesz vectors. We leave the proof to the reader.

Theorem 7.5 Let f:R™ — R be a nonzero linear functional. Then
1) f is strictly positive if and only if Y is strictly positive.
2) f is strongly positive if and only if Y; is strongly positive.[]

It is worth pointing out that this theorem applies only to linear functionals
defined on all of R™. For instance, consider the subspace

§={(a,~a)|a € R}

of R2. Since there are no strictly positive vectors in S, it follows that all linear
functionals on S are strongly positive, even though the Riesz vector is not
strongly positive.

Extensions and Positivity

Let us consider the issue of whether a strongly positive linear functional on a
subspace S can be extended to a strongly positive functional on R™. For any
fest let

E-0(f) = {strictly positive extensions of f}
Eso(f) = {strongly positive extensions of f}

Of course,
Eso(f) € Enolf)

Theorem 7.6 Let S < R™. Then every strongly positive linear functional f on S
has a strongly positive extension to R™. Hence, Es.o(f) is nonempty.

Proof. Let K = ker(f). If there is a strongly positive vector W € S+, then we
may choose a A > 0 large enough so that Yy + AW € Y; + St is strongly
positive. Then the linear functional Iy, \w is a strongly positive extension of f.
Thus, we may assume that S+ does not contain a strongly positive vector, in
which case Theorem A.8 of Appendix A implies that (S+)* = S contains a
strictly positive vector.

Now, since f is strongly positive, K contains no strictly positive vectors and so
Theorem A.7 implies that K contains a strongly positive vector W.
Furthermore, Theorem 7.1 implies that K+ has a basis B = {W,...,W,}
consisting entirely of strongly positive vectors.

But Y} cannot be orthogonal to all of the basis vectors W;, since then Y; would
be orthogonal to K *; that is, Y, would be in K, which is not the case. Hence, we
may assume that W; € K+ \ {Y}}* for some i and so Theorem 7.4 implies that
there is a unique scalar A for which I,yy, is an extension of f.
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To show that 1)y, is strongly positive, we use the strictly positive vector X in S.
In particular,

AMX,Wi) = (X, 2AW0) = L (X) = f(X) >0

and since (X, W;) > 0, it follows that A > 0. Thus, AW; is strongly positive and
therefore [y, is a strongly positive extension of f.[]

Pricing Nonattainable Alternatives

We can now discuss the issue at hand, namely pricing a nonattainable alternative
W ¢ M in an incomplete discrete-time model M. (Recall that M is the
subspace of attainable alternatives.) Since the replicating alternative pricing
procedure cannot be used to assign a fair value to W, we must find another way
to price W.

If X=(z1,...,2) and Y = (y1,...,ym) are vectors in R™, we say that X
dominates Y, written X Y,if X —Y  0;thatis,ifx;, 1y forall k.

Minimum Dominating Price

Let us consider the question from the point of view of an investor who wants to
sell the payoff W. The investor knows that he cannot duplicate the payoff with a
self-financing trading strategy. However, in order to hedge the risk of the short
position, the investor can use any self-financing trading strategy ® whose payoff
dominates W ; that is, for which

Vr(®) W
Put another way, if
DwM)={XeM|X W}

is the set of all attainable alternatives that dominate W, then the investor can
hedge W by investing in any self-financing trading strategy that replicates any
vector in Dy (M). Thus, at least from the seller’s point of view, it seems
reasonable to set the fair price of W to be the minimum price of the members of
Dw (M).

Definition If W is a nonattainable alternative, then the minimum dominating
price of W is

PYW)= min ZI(X) O
XED]/V(M)

Of course, this definition only makes sense if Dy (M) is nonempty, so let us
address this issue forthwith.
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Theorem 7.7 The set M of all attainable vectors for a discrete-time model
contains a strongly positive vector. Moreover, Dy (M) is nonempty for all
W e R™

Proof. Let ® be the trading strategy that invests o > 0 units in the risk-free asset
and continually rolls it over. Then V7 (®) € M and Vp(®)(w) «a > 0 for all
w € ). For the second statement, if W = (wy,...,wy) then we need only
choose « so that o« w; for all 7.1

We prove in Appendix B that the minimum dominating price of any
nonattainable alternative W is actually achieved by some dominating attainable
alternative; that is, there is an Xy € Dy (M) for which

I(Xw) = PY(W)

Maximum Extension Price

There is another viewpoint that we can take when trying to price a nonattainable
alternative W ¢ M. Namely, the initial pricing functional Z has domain M and
we can extend it to a linear functional Z on R™, perhaps in infinitely many ways.
What about pricing W as the price Z(W) of one of these extensions? In fact,
since the initial pricing functional 7 is strongly positive, perhaps we should
restrict attention only to strongly positive extensions of Z. Theorem 7.6 shows
that the set £5.0(Z) is nonempty and so the following definition makes sense.

Definition For a nonattainable alternative W, the maximum extension price is
Pe(W) = max{T(W) | 7€ Eso(Z)} O

In the exercises, we ask the reader to show that it doesn’t matter whether we
restrict attention to nonnegative, strictly positive or strongly positive extensions
since
max{Z(W) | Z €& o(Z)} = max{Z(W) | Z € £-0(Z)}
=max{Z(W) | T € Es0(2)}

forall W ¢ M.
We also prove in Appendix B that the maximum extension price is always

achieved by some nonnegative extension; that is, there is a nonnegative
extension Z of Z for which

T(W) = Pe(W)

However, the following example shows that there need not be a strongly positive
extension that achieves the maximum extension price.

Example 7.1 Suppose that M = {(z,z) | z € R} C R? and let Z((z,x)) = az
for some @ > 0. Then
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I((z, ) = (2, 2), (a/2,a/2))
and so Y7 = (a/2,a/2). Any extension Z of Z has the form
T(X) = (X, Y7 + W)
where W € M*. Hence, W has the form (z/2, —z/2) for z € R and we have

= (59)+ o) g nem

Thus, 7 is strictly positive if and only if —a < z < a and 7 is strongly positive if
and only if —a < z < a. Now let W = (0, 1), which is not attainable. Then

(W) = (W, ¥g) = 5 (a—2)
and so

P(W) =max{Z(W) |Z € E-9(Z)} = max {;(a - z)} =a

—a<z<a

But no strongly positive extension achieves this maximum. In fact, the only
extension that achieves this maximum is the one for which z = —a, and this
extension is only strictly positive.[]

Optimal Solutions to the Pricing Problem

Thus, for a nonattainable alternative W we have two prices: the minimum
dominating price

PYW) =min{Z(X) | X € Dw}
and the maximum extension price
PEW)=max{Z(W) | T € Es0(T)}

and we have said that both these prices are achieved. Moreover, it is a pleasant
fact that the two prices are the same; that is,

PY W) = PY(W)

We also prove this in Appendix B. However, in the exercises, we ask the reader
to prove that

—00 < P4(W) < PYW) < o0

The following theorem summarizes our results.

Theorem 7.8 Let W be a nonattainable alternative.
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The sets Es.o(Z) and Dw are nonempty and
PYW) = P4(W)
that is,
min{Z(X) | X € Dy} = max{Z(W) | Z € E0(T)}
There is a dominating attainable alternative Xy € M for which
I(Xw) = PYW)
There is a nonnegative extension Ly, of I for which

Tw(W) = PY(W) O

We can now make the following definition.

Definition The fair price of a nonattainable alternative W' is defined to be

max{Z(W) | Z € Es0(Z)} = min{Z(X) | X € Dy} O

Exercises

1.

Suppose that f is a linear functional on S for which
x>0 = f(zr)>0

for all x € S. Show that f need not be strongly positive.
If f:R™ — R is a linear functional on R™ prove that

er = <f(El)77f(Em)>

where F; are the standard basis vectors for R™.
If f is a linear functional on R™, prove the following:
a) fis strictly positive if and only if Y} is strictly positive.
b) fis strongly positive if and only if Y} is strongly positive.
For Example 7.1, verify that
max{Z(W) | Z € £-9(Z)} = min Z(X)

XeDw
Let M = {(2a,3a) | a € R} C R? and let Z(2, 3) = a. Show that the price
of an arbitrary alternative W = (z,y) is

ar oy}
max{ 53

Let S be a subspace of R" and suppose that S contains a strongly positive

vector. Prove that any vector in .S can be written as the difference of two
nonnegative vectors in .S.
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7. Let W be a nonattainable alternative. Prove that
—oo <max{Z(W)|Z € E-o(Z)} <min{Z(X)| X € Dy} < o0

8. Suppose that f is a strictly positive linear functional on R™ and that
X € R". Prove that for any € > 0, we can find a strongly positive linear
functional g for which

l9(X) = f(X)| < e



Chapter 8
Optimal Stopping and American Options

The models that we have created thus far are designed to price European
options, which can only be exercised at the expiration time. However, in the real
world, most stock options are of the American variety. In this chapter, we want
to take a look at the issue of pricing American options, which can be exercised at
any time between the purchase date and the expiration date.

We can give the gist of the upcoming discussion quite simply as follows. For an
American option the final payoff, which is a random variable on the state space
Q, depends upon the strategy that the investor uses in determining when to
exercise the option. In symbols, for each exercise strategy 7 (to be made more
precise later), there is a final payoff random variable X,: 2 — R.

Now, it would seem prudent to choose an exercise strategy 7 that maximizes the
final payoff X.. However, the payoffs X, are functions and so it is extremely
unlikely that there is a single exercise strategy that will maximize the payoff for
all states w € .

On the other hand, if a final payoff X is attainable, then it has an arbitrage-free
initial price, namely, the expected discounted payoff &r(X,) under the
martingale measure II. But these initial prices are constants and so an investor
can choose an exercise strategy that maximizes these initial prices; that is, an
investor can choose the most valuable exercise strategy. Any such strategy is
called an optimal exercise strategy.

An Example

Let us set up a simple example to which we will refer later.

Example 8.1 Figure 8.1 shows the state tree for a binomial model whose nodes
are labeled with the label S/ P, where S is the stock price and P = (z — 21)7" is
the payoff for an American call C' with strike price 21.
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0, ]26.62/5.62
®,]21.78/0.78

,|21.78/0.78
,|17.82/0

w,|21.78/0.78
;| 17.82/0

,]17.82/0
w,]14.58/0

ty 4 t t

Figure 8.1: A binomial model state tree
We will assume that the risk-free rate r is 0. Note that for this model
T=3u=11,d=0.9
and the martingale measure up-tick probability is
o 1-d 01 1

= — = O
u—d 02 2

™

The Model

In general, our context will be a complete discrete-time model M with
information structure

F={Py,...,Pr}

The model is assumed to be arbitrage-free, with martingale measure I, as is the
case for Example 8.1. We also consider an American option, which can be
exercised at any of the model’s times

o<ty <---<tp
We will assume a constant risk-free rate of r throughout the model.

The Payoff Process

For pricing European options, we have treated the final payoff of the option
simply as an attainable alternative Y: {2 — R. However, for pricing American
options, we must consider an entire process Y = (Yp, ..., Yr) of payoffs, where
Y} is the time-¢;, return from the option if it is exercised at that time. We assume
that Y is adapted to the filtration F = (P, ..., Pr).
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For our example, as shown in Figure 8.1, the payoffs of the American call C' are

5.62 forw = w;
Y5 = max{S; — 21,0} = ¢ 0.78 for w = wy,ws,ws
0 otherwise
3.2 forwe By
0 otherwise
1 forwe By,
0 otherwise

Ys = max{S, — 21,0} = {
Y1 = max{S; — 21,0} = {

and
Yo=0

However, in keeping with the spirit of self-financing trading strategies, we will
assume that the investor does not remove the funds from the model until the final
time t7 and so any payoff is allowed to grow at the risk-free rate until the end of
the model. Thus, if the investor decides to exercise at time ¢, under state w € 2,
the time-t; payoff (delivered at time ¢7) will be

X (u)) — eT@T*tk)Yk (w)

This quantity is a bit easier to deal with, since all payoffs are now expressed in
terms of a single date.

We refer to this (delayed) payoff process, or indeed to any stochastic process
X = (Xo,..., Xp) simply as a payoff process or as an alternative process. Our
goal in this chapter is to decide when to exercise an alternative process.

Stopping Times

As shown in Figure 8.2, the decision about when to exercise an American option
(or any payoff process) can be modeled as a random variable 7, called a
stopping time, that identifies, for each time ¢, the outcomes w € ) for which
the option should be exercised at that time; that is, 7(w) = k means exercise at
time ¢y, if the final state is w.
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Figure 8.2: A stopping time

For k < T, the set {T = k} of outcomes w € () that have exercise time ¢}, is
called the stopping event for time ¢;. For the final time ¢7, however, the
stopping event consists of the outcomes for which we either exercise at time i1
or let the option expire worthless without exercising at all.

Of course, a stopping time is not much use if we cannot tell at a given time
whether or not to stop; that is, we must know the stopping event {7 = k} at time
t.. Put more mathematically, {7 = k} must be either empty or else a union of
one or more blocks of the time-¢;, state partition Py. Here is a formal definition.

Definition Let P be a partition of ). We say that a subset S C Q is P-
measurable if S is either empty or is the union of blocks of P.TJ

Definition A stopping time for M is a random variable
7:Q —{0,...,T}
with the property that for all k = 0,...,T", the stopping event
{r=k}={weQ|1(w) =k}

is Pi-measurable, where Py, is the time-t;, state partition. We denote the set of
all stopping times with range {k, ...,k + j} by Sy i+, These are the stopping
times that stop no earlier than time tj, and no later than time 15, ;.01

Let us consider an important example of stopping times.

Example 8.2 It would be reasonable for an investor to tell his broker to sell a
stock if the price reaches P or more dollars. This rule is a stopping time, referred
to as the first entry time of the stock price process (S ) into the interval [P, 00).
Formally, it is defined as follows:
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T(w)_{nﬁn{k’|5k(w) P}y if {k|Skw) P}#0

T otherwise

It is not hard to show that this is indeed a stopping time. Indeed, for k < T, the
set {7 = k} is the set of all w € (2 for which the price of the stock is less than P
until time ¢, at which time the stock price is at least P. In symbols, if £ < T’
then

{r=k}={S% < P}n---N{S-1 < P}Nn{S, P}
But each of the sets on the right is Pj-measurable and therefore so is {7 = k}.
Similarly, for k = T, the set
{r=T}={So < P}n---n{Sr_1 < P}

is also Pi-measurable and so 7 is a stopping time.

It is also possible to show that the first entry time into any set that is the finite
union of intervals (a,b), [a,b), (a,b], [a,b] and/or rays (—oo,b), (—o0,b],
(a,—00) and [a, —00) is also a stopping time. (This is true for any Borel set,
defined in Chapter 9.) For example, the set

B = (—00,17) U[20,00)
corresponds to the first time that the stock price drops below 17 or reaches 20.

The shaded blocks in Figure 8.1 show the stopping events for the first entry time
into B.OJ

Piecing Together Stopping Times
Under certain important situations, it is possible to piece together stopping times

and get another stopping time.

Theorem 8.1 Suppose that the time-t), state partition is Py, = {Bj1,...,Brc}
and that T, € Sy for each w =1, ..., c. Then the function

C
T = g Tulp,,
u=1

is also a stopping time in Sy, T.
Proof. Since 7, k& for all u, it follows that 7 k. Moreover, since P, is a
partition of €2, forany ok we have

{7_* _ h} _ U ({T* _ h}ﬁBk,u) = U ({Tu = h}ﬁBk,u)

But By, and {7, = h} are both unions of blocks of P, and therefore so is their
intersection. Hence, 7° € S, .00
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Payoff under a Stopping Time

A stopping time is a rule that determines when to take a payoff; that is, when to
exercise. Indeed, applying a stopping time 7 € Sy 7 turns a payoft process X into
a single payoff random variable X, defined by

XT (w) = XT(W) (w)

The random variable X is referred to as the payoff of the process X under the
stopping time 7. We use the notation X, rather than X, to emphasize the fact
that the final payoff depends on the entire payoff stochastic process X.

Example 8.3 Referring to Example 8.1, consider the stopping time 7 shown in
gray in Figure 8.1, which is the first entry time into

B = (—00,17) U (20, 00)
The payoff X is

1 ifw € {wy,ws,ws,ws}
X (w)=¢ 0.78 ifw=ws O
0 ifw € {wes,wr,ws}

At any given time {j, it seems logical that the investor should choose a stopping
time 7 € Spr that maximizes the payoff X, among all members of S r.
However, the payoffs X, are functions on the state space (2 and it is extremely
unlikely that there is a single stopping time 7" that gives a better payoff for all
states of the economy. For example, the stopping time o that is defined by
waiting until the end of the model in all cases (effectively turning the American
option into a European option) is better than the stopping time 7 in Example 8.3
for state w; but not for state w,. Hence, we cannot say that either o or 7 is better
than the other.

On the other hand, if X is a payoff process, then X, has an arbitrage-free time-t,
price

Te(Xr) = En(e WXL | Py) = e T EY(X, | P)

and we will show in a moment that there is a stopping time 7* € S; 1 that
maximizes this price among all stopping times in Sjr. Put somewhat
colloquially, even though we cannot choose a stopping time that maximizes the
payoff, we can choose a stopping time whose associated payoff is the most
expensive!

Of course, a stopping time maximizes Zj(X;) if and only if it maximizes
En(X; | Pr) and so we will work with the latter value. Accordingly, we make the
following definitions.
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Definition Let X = (Xo,...,Xy) be an alternative process. Let 11 be a
martingale measure for the model M. For any stopping time T, let X, be defined
by

forw € Q.
1) The optimal value of X for the interval [k, T is

Mp(X) = max{&n(X; | Py) | T € Sk}

The optimal value process S = (My(X),..., Mp(X)) is called the Snell
envelope of X. For simplicity, we will abbreviate My, (X) by M}, when the
process X is clear from the context.

2) An optimal stopping time for X over the interval [k, T is a stopping time
T* that achieves the optimal value of X; that is, for which

En(Xe | Pr) = My(X) O

We should also remark that optimal stopping times represent the best guess as to
when to stop based on current value, which is the best we can do without being
able to see into the future. Thus, an optimal stopping time is not guaranteed to
produce the best possible payoff and we will see an example later in which an
optimal stopping time does fall short in this respect.

Example 8.4 Again referring to Example 8.1, we have seen that the payoff for
the first entry time into

B = (—00,17) U (20, 00)

is

1 ifw € {wy,ws, ws,ws}
X (w) =< 078 ifwe {ws}
0 ifw € {ws,wr,ws}
Hence,
E(X)*l 1+1 078+3 0 =0.5975
RN g tTRT T

Consider the stopping time o defined by

o(w) = 2 ifw € {wy,ws,wr,ws}
3 otherwise

In this case, the (discounted) final value is
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3.2  ifwe {w,w}
X,(w) = { 0.78 ifw= {ws,ws}
0 if w € {ws, we, wr, ws}

Hence,

1 1
&n(X,) = 1 -3.2+ 1 -0.78 = 0.995

and so ¢ has a higher fair price than 7 and so in this sense is a better choice. In
fact, as we will see, o is an optimal stopping time.

We will compute the Snell envelop of the payoff process from Example 8.1 a bit
later, when we have some additional tools that will make the computation easier.

Existence of Optimal Stopping Times
We turn to the question of the existence of optimal stopping times. Let
Pr={Bri,...,Brc}

be the time-t; state partition. For k = 0, it is clear that optimal stopping times
exist because we are simply maximizing a finite set of constants (X ). But for
k > 0 we are maximizing nonconstant functions

En(Xr | Pe) = Y &n(X; | Bru)ls,,
u=1

over stopping times 7 € S 7.

However, these are very speical types of functions, namely, linear combinations
of indicator functions of a partition of ), where the coefficients Er(X; | By)
come from a finite set, since Sy, r is finite. Such a function is a maximum among
all such functions if and only if each coefficient is maximum within its range of
values. Thus, for each u, we choose a stopping time 7, € Sy, r for which

EH(XTu | Bk;u) gH(XT | Bk;u) (81)

for all 7 € S 7. Theorem 8.1 then implies that the linear combination
C
T = ZTulBk,u S Skj
u=1

is indeed a stopping time and so

(X

Pr)  En(X: | Pr)

for all 7 € S 7; that is, 7* is optimal.
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Theorem 8.2 For any interval [k, T], an optimal stopping time for X exists.
Specifically, if

Pr=A{Br,.-.,Bic}

is the time-t), state partition and if for each u, a stopping time T, is chosen so
that

EH(XM ‘ Bk,u) = max{é’n(XT | Bk7u) ‘ T E S}s,T}

then the stopping time

C
T = E Tulp,,
u=1

is optimal; that is,

EH(XT*

Pr) = Mi(X)
for all k.OJ

Since & (X

Pg) is P-measurable, the Snell envelope is F-adapted.

Theorem 8.3 The Snell envelope (M(X), ..., Mp(X)) is F-adapted.O

Computing the Snell Envelope

Suppose that 7* is optimal for the interval [k, 7] and consider an arbitrary state
B € P,. Then

EH(XT*

B) = max {En (X, | B)} = ﬁmg [En(X,15)}

Thus, an optimal stopping time is one that maximizes the expected value
EH(XTIB) over 7 € Skj.

Now, for each stopping time 7 € S, 7, there are two possibilities for the stopping
event {7 = k}: Either {7 = k} contains B or is disjoint from B. Thus, we can
write

max {E(X;15)} = max< max {En(X;1p)}, max {&n(X 1)}

TGS}CYT TESE T 5
BC{r=k} Bn{r=k}=0
Butif B C {7 = k}, then
X1 = Xilp

and so
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mgx {EH X 13)} = XkIB
Beirk)

On the other hand, if {7 = k} N B = 0, then if we replace 7 by the stopping
time 7’ that is identical to 7 except that it does not stop on {7 = k}, in symbols
if
(3 B2t
then 7’ is a stopping time in Sy 7 and
X, 15 =X, 1p
It follows that when computing

max {En(X 1)}

Bm{f k) 0
we need consider only stopping times that belong to Sy 7; that is,

max {€n(Xr15)} = max {EH(X 15)}

Bm{»—k} 0

Thus

max {EH(X 13 } max{E(Xklg), max {gn(XTIB)}}
TESKT TESE1,T
and dividing by IP(B) gives

(X

B)_max{Xk(B), max {&n(X, |B)}}

TESk+1,T

But this holds for each B € P}, and so

M (X) = max{Xk, max {&En(X; Pk)}}

TESE+1T

forallk =0,...,T.

We can improve upon this still further with the help of the tower property, which
implies that for all 7 € Sy 7

En(Xy | Pr) = En(En(Xs | Pre1) | Pr) < En(Mp1(X) | Pr)
with equality achieved for at least one 7 € Sj.117. Hence

max {En(X: | Pr)} = En( M (X) | Pr)

TESE+1T
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and so we finally arrive at an important backward recurrence relation for
M, (X), which will allow us to compute Snell envelopes.

Theorem 8.4 The Snell envelope satisfies the backward recurrence relation
) Mp=Xr
2) For0<k<T,

M (X) = max{ Xy, En(Mp41(X) | Py} o

Now we can compute the Snell envelope of the payoff process from Example
8.1.

Example 8.5 Again referring to Example 8.1, let us compute the Snell envelope
of the payoff process (X}), where X, = 0 and

5.62 forw = w;
X3 = max{S; — 21,0} = < 0.78 forw = wa, w3, ws
0 otherwise
3.2 forwe By,
0 otherwise
1 forwe By,
0 otherwise

X

[V

= max{S; — 21,0} = {
X1 = max{S1 — 2170} = {

First, we have
M;3(X) = X5
Next,
(5.26 +0.78) = 3.2 ifw € By,

(0.784+0) =039 ifwe By

1
i
En(Ms(X) | Py) = En(X; | Po) = ¢ 2
n(Ms(X) | P2) (X5 | P2) 5(0.7840) =0.39  ifw€E By
0

ifwe Bay
and so
32 ifw=uw,ws
v e 9 7)< 034272
0 if w= wr,ws
Next,

(3.240.39) = 1.795  ifw = wy,ws, w3, ws

1
En(Ma(X) | Py) =4 2
n(Mz(X) | P1) {5(0.39+0)_O.195 if w = ws, we, wr, Ws

and so
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Ml(X) = maX{X17£H(M2(X) ‘ P1>}
1795 fw = wi,we,ws, wy
710195 if w = ws, weg, wr, ws
Finally,
My(X) = max{ Xy, En(M;1(X) | Po)}
1
= max{O, 5(1.795 + 0.195)}
=0.995
Let us recall from Example 8.4 that the stopping time ¢ defined by

2 ifwe {w,wwr,ws}
o(w) = {3 otherwise

has expected (discounted) final value

&n(X,) = E -3.2 + ! -0.78 = 0.995
4 4

which is equal to M (X). Hence, o is indeed an optimal stopping time for the

interval [0, 7). In fact, as we will see, o is the smallest optimal stopping time in

the sense that it stops before any other optimal stopping time. (Observe that we

could have waited until time ¢3 in states w; and wsg and still achieved

optimality.)J

This is a good time to emphasize a point about optimal stopping times, namely,
optimal stopping times represent the best guess as to when to stop without being
able to see into the future. Thus, an optimal stopping time is not guaranteed to
produce the best possible payoff. Indeed, looking at Figure 8.1, it is clear that the
best possible exercise procedure involves exercising at time ¢ if the final state is
wo but waiting until time ¢3 if the final state is w;. However, at time ¢ we do not
know which state will prevail: w; or ws so this plan is not a stopping time.

The Smallest Dominating Supermartingale

It is clear from condition 2) of Theorem 8.4 that
En(Mi1(X) [ Pr) < Mi(X)

which is the condition that M}, (X) be a supermartingale, as defined below.

Definition An F-adapted process (Xo, ..., Xr) is a supermartingale if
E(Xkv1 | Pr) < Xi
for all k.00
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It is also clear that
X < Mk(X)

that is, M (X) dominates X. It is not hard to see using the recurrence relation
that M, (X) is the smallest supermartingale that dominates Xj,.

Theorem 8.5 The Snell envelope (M}(X)) is the smallest supermartingale that
dominates (X},).

Proof. We have seen that My (X) is a supermartingale that dominates Xj.
Suppose that Wj, is a supermartingale that dominates Xj. This is equivalent to
the single inequality

Wi max { Xy, En(Wit1 | Pr)}

We can now proceed by backward induction using the recurrence relation. For
the basis step in the induction, we have

Wr  Xp = Mp(X)
Assuming that Wy1  Mj1(X) then

Wi max { Xy, En(Wii1 | Pr)}
max { X, En(Mp1(X) [ Pr)}
= M;(X)

which completes the proof.[]

Additional Facts about Martingales

Our next goal is to compute the optimal stopping times that stop as early as
possible and the optimal stopping times that stop as late as possible. For this, we
need some additional results relating to martingales and supermartingales. Recall
(Theorem 4.2) that if X is a martingale, then for all j and k,

£(X;) = E(X,)

We have a corresponding result for supermartingales, whose proof is left as an
exercise.

Theorem 8.6
1) If X'is a martingale then for all j and k,
E(X;) = E(Xk)
2) IfXis a supermartingale, then
i<k = &X;) E&Xyp) O
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Stopping a Process: Doob’s Optional Stopping Theorem
A stochastic process X = (X, ..., Xp) is defined by its sequences of values
Xo(w)y ..., Xp(w)

for all w € Q. These sequences have a name.

Definition If X = (X, ..., X7) then for each w € (), the sequence
Xo(@), .-, Xr(w)

is called a sample path.[]

We can use a stopping time 7 to stop the progress of a sample path
Xo(@), .., Xr(w)

Specifically, for each w € €2, we stop the progress of the sample path at time
7(w) and so if 7(w) = n, then the stopped sample path is

Xo(w), ..., Xpo1(w), Xpn(w), Xpn(w), ..., Xp(w)
If we set a A b = min{a, b}, then this can be written as
Xoar@) (@)« s Xn-1)ar(w) (@W)s Xnar(w) (@); -+ s Xr(w) (W)
and prompts the following definition.
Definition Ler X = (X, ..., X1) be an F-adapted stochastic process and let T
be a stopping time. The stopped process or sampled process is defined by
X/\T - (XO/\Ta ey XT/\T) O

Note that X,,,, can be decomposed as follows:

n—1

Xopr = Z Xil{T:i} =+ an{T n} (8.2)
=0

The next theorem is one of the key results in martingale theory. (A stopping time
is also called an optional random variable.)

Theorem 8.7 (Doob’s Optional Sampling Theorem) Let X be a martingale (or
supermartingale) and T a stopping time. Then the stopped process X, is also a
martingale (or supermartingale).

Proof. For the martingale case, we know that

E(Xn | ’Pnfl) - anl
and (8.2) gives
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3
|
—

E(Xnpr | Poo) = ) E(Xilgr—yy | Pro1) + E(Xnlyr ny | Par)

7

I§
o

But X;1(,—; and 1y, ,, are P,_;-measurable for 7 < n — 1 and so

:
H

E(XTL/\T | ’Pnfl) Xll{’?' i} + 1{T n}g( n ‘ ,Pnfl)

3 e
[l
- o

I
]

N
Il
o

Xil{T:i} + 1{T n}anl

7
V)

Xil{T:i} + 1{7 n—l}anl

I
]

N
Il
o

i
3

—1)AT
as desired. The proof for a supermartingale is almost identical.[]
The Doob Decomposition

Finally, we need the following decomposition result.

Theorem 8.8 (The Doob Decomposition) Let X = (X,,..., Xp) be an F-
adapted stochastic process.

1) There exist a unique martingale M = (My,...,Mr) and a unique
predictable process A = (Ay, ..., Ar) for which
Xp = My — Ay
with Ag = 0.

2) If X is a supermartingale, then A is nondecreasing; that is, A < Ag.1 for
all0 <k <T-1.
Proof. For part 1), set My = Xo, Ag = 0. For k0, write

Ak = Mk — Xk
Taking conditional expectations gives
En(Ay | Pro1) = En(My, | Pr—1) — En(Xg | Pr-1)

Assume for a moment that A is predictable and M is a martingale. Applying the
predictability and martingale conditions gives

My — X = A = My — En(Xy | Pr—1)
and so
My — M1 = Xj, — En(Xy, | Pr—)

Since My = Xj, we have
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k k
Mk_XOZZ(M MzIZZX EHX|’P2 1)}

i=1 =1
Thus, we are led to taking

k
My, =Y (X — En(X; | Pio)] + Xo

i=1

and A, = M, — X;. We leave it as an exercise to show that these choices do
indeed work and that the processes M and A uniquely satisfy the requirements of
the theorem. For part 2), if X is a supermartingale, then

My — A =X Ea(Xi1 | Pr)
= E&n(Mgs1 | Pr) — En(Akir | Pr)
= My — Arp

and so A; < Ap1.00
Characterizing Optimal Stopping Times

For simplicity, we will abbreviate M(X) by My, since X will remain fixed
throughout the present discussion. If we stop the Snell envelope
S = (My,..., Mr) using a stopping time 7 € Syr, then Doob’s optional
sampling theorem implies that the stopped process

Sar = (Monr, .. Mrar)
is also a supermartingale. Hence, Theorem 8.6 gives
i<k = EnMpn) <En(Mjr)
and since Xj, < M, for all k implies that X, < M, we have
En(X;) < &n(M;) = En(Mrar) < -+ < En(Mopr) = My
Now, if 7* is an optimal stopping time for [0, 7], then
Mo = En(Xr ) =En(X~)

and so the previous sequence of inequalities becomes a sequence of equalities
(with 7 = 7%). The first of these equalities

Eu(Xy) = En(M;)

implies, since X+ < M, and II is strongly positive, that M. = X+ (see the
exercises).

Looking further down the chain of equalities, we also see that

En(Mpnr) = En(M—iyar)
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and the supermartingale property

SH(Mk/\T*

Pr-1) < Me—pypr

now implies that (M) is in fact a martingale, since both sides have the same
expected value under a strongly positive probability measure.

For the converse, suppose that X, = M, and that My, is a martingale. Then
the sequence of inequalities is a sequence of equalities and in particular,

MO - EH(XT)

which implies that 7 is optimal for the interval [0, T'].
We now have a characterization of optimal stopping times.

Theorem 8.9 A stopping time T € Sy r is optimal if and only if
nH M,=X,
2) The stopped Snell envelope Sp; = (Mya;) is a martingale.O]

Optimal Stopping Times and the Doob Decomposition

We have seen that a stopping time 7 is optimal if and only if X, = M, and
Spr = (Mynr) is a martingale. This prompts us to take a closer look at when Sy,
is a martingale.

We have seen that the Snell envelope
S = (My,...,Mp)
is a supermartingale. Using Doob’s decomposition, we can write
S=M-A
where M = (M, ..., Mr) is a martingale, A = (Ay,..., Ar) is predictable and
nondecreasing and Ay = 0. If we stop this sequence,
Sar = Mar — Apr

then M, is a martingale and so it follows from the uniqueness of the Doob
decomposition that S, is a martingale if and only if A ,; is the zero process.

Since A is nondecreasing, so is A,; and so it is the zero process if and only if the
final term Ap,, = A, is the zero random variable. Thus, S, is a martingale if
and only if A, = 0.

Theorem 8.10 Let S = (My,) be the Snell envelope of (X}). For a stopping
time T € Sy, the stopped process Sy, = (Myn-) is a martingale if and only if

A =0, where A = (Ay) is the predictable process in the Doob decomposition
of S.O0
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The Smallest Optimal Stopping Time

The previous theorem makes it easy to determine the smallest optimal stopping
time. First, we recall the recurrence formula

M, = max{Xk7€n(./\/lk+1 | 'P;g)}
Using the Doob decomposition, we notice that
En(Myt1 | Pr) = En(Mpsa | Pr) — En(Aps1 | Pr)
= My — Agia
= (My, — Ap) — (Ags1 — Ap)
=M, — (Aps1 — Ap)
and so
M/c = max{Xk, M}g — (Ak+1 — Ak)}
Hence, the strict inequality
Mk > X,
implies that
Apy1 = Ay,

Hence, if M = X but M; > X, for all i < k, then A;,; = A; for i < k. But
Ag = 0andso A; = 0 for all ¢ < k. This prompts us to define 7, by

Tmin(w) = mln{k | Xk(w) = Mk(CU)}

which exists since Xp(w) = Mrp(w). In addition, 7, is a stopping time since it
is the first entry time of the adapted process (X — M) into the Borel set {0}.
By definition,

Xrw =M

Tmin Tmin

We have just seen that A, .(w) =0 for all w € @ and so A, = 0, which
implies that V™™ is a martingale. Hence, Theorem 8.9 implies that 7, is an
optimal stopping time. Moreover, Ty, 1S the smallest optimal stopping time
because all optimal stopping times 7 satisfy X, (w) = M (,(w) for all w €
and SO Tiin(w) < 7(w) forallw € Q.

Theorem 8.11 The smallest optimal stopping time is
Tmin(w) = min{k | Xj(w) = My(w)} O

Example 8.6 In Example 8.4 we defined the stopping time
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2 ifwe{w,w,wr,ws}
o(w) = {3 otherwise

and showed in Example 8.5 that ¢ is optimal. In fact, it is easy to see that o has
the property

o(w) = min{k [ Xj(w) = Mj(w)}
and so it is the smallest optimal stopping time.[]
The Largest Optimal Stopping Time

In view of Theorem 8.10, in casting about for the largest optimal stopping time,
it is natural to consider the function

Tmax(w) = max{k | Ax(w) = 0}

which exists since Ag = 0. Since any optimal stopping time 7 satisfies A, = 0, if
Tmax 1S an optimal stopping time then it must be the largest optimal stopping
time. Note that 7,,x can also be defined by

(W) = min {k | Apr1(w) >0} if {k| Api1(w) >0} #0
Tmax W) = otherwise

and since this is the first entry time into (0,00) of the adapted process A, it
follows that T,y is a stopping time. Also, since A, = 0, Theorem 8.10 implies
that (Mzm) is a martingale. Thus, to show that 7« is optimal, we need only
show that M, =X

Tmax Tmax *

Once again we look at the recurrence relation
My, = max{ Xy, En( M1 | Pr)}
which, using Doob’s decomposition can be written
My, = max{ Xy, My — (Aps1 — Ag)}
But for k& = Tyax(w) we have
Arpp1(@) = Ar (W) = Ar 1 (w) >0

and so the maximum above is just X}; that is,

Me (W) = X7, (w)
Thus M, = X, . asdesired.
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Theorem 8.12 The largest optimal stopping time is
Tmax(w) = max{k | Ax(w) = 0}
_ {min{k | Apa(@) > 0} if {k | Apa(w) > 0} # 0

T otherwise

where
My, = My — Ay
is the Doob decomposition.[]

Exercises

1. Show that the first entry time into any set of the form (a, b) is a stopping
time.

2. Show that the maximum of stopping times in Sy, 7 is a stopping time in Sj, 7.

Show that the first entry time into any Borel set B is a stopping time.

4. Show that the first time that a stock’s price doubles its initial price is a
stopping time.

5. Show that the first time that a stock’s price doubles its previous price is a
stopping time; that is, the random variable

et

T(w) =

{min{k | Sp(w)  2Sk1(w)} if {k| Sk(w) 2Sk-1(w)} #0

T otherwise

is a stopping time.
6. Show that the first exit time from a set of the form (a, b) is a stopping time.
7. Prove that the maximum, minimum or sum of two stopping times is a
stopping time. How about the difference?
8. Prove that for any random variables X and Y

max{E(X | P),E(X | P)} < E(max{X,Y} | P)

9. Prove that since X < My, for all k, it follows that X, < M, for any
stopping time 7.

10. Prove that if two discrete random variables satisfy X <Y and
En(X) = &n(Y) then because 11 is strongly positive, it follows that X = Y.

11. Prove that if (Ay,..., Ar) is a martingale and (A4,..., Ar) is predictable
then (Ay) is a constant sequence; that is,

Al == A%
12. Let X = (X, ..., X7) be an F-adapted stochastic process. Finish the proof

of Doob’s decomposition theorem; that is, show that the processes
My = Xy, Ag = 0 and for k > 0,



13.

14.
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k
My, = [X; — En(X; | Pioy)] + Xo

i=1

and Ay = M} — X}, satisfy the conditions of the decomposition.
For the binomial model with

w=12,d=0.8,r=0,5 = 20

compute the price process, payoff process for an American call with
K = 21 and the Snell envelope. Find the first optimal stopping time.

Write an Excel spreadsheet that given u,d,r, Sy and K will compute the
price process, payoff process for an American call/put with strike price K
and the Snell envelope.



Part 3—The Black-Scholes Option Pricing
Formula



Chapter 9
Continuous Probability

In this chapter, we discuss some concepts of the general theory of probability,
without restriction on the size of the sample space. This is in preparation for our
discussion of the Black—Scholes derivative pricing model.

Since this is not a book on probability and since a detailed discussion of
probability would take us too far from our main goals, we will need to be a bit
sketchy at times, omitting proofs that would take us too far from our intended
scope. For a more complete treatment of probability, please consult the
references at the end of this book.

General Probability Spaces

In defining arbitrary probability spaces (€2, IP) where ) need not be a finite set,
we must require that the countable union of a sequence A;, As, ... of events,

also be an event. Moreover, finite additivity must be replaced by countable
additivity; that is, if Ay, As,... is a sequence of pairwise disjoint events in £,
then

P (fj Ai> = i P(4;)

Accordingly, we have the following definitions.

Definition Ler ) be a nonempty set. A nonempty collection Y. of subsets of () is
a o-algebra if
) QeX

S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 193
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2) X is closed under countable unions; that is, if Ay, As,... is a sequence of
elements of 3. then

GAi ey
=1

3) X is closed under complements; that is, if A € ¥ then A¢ € .00

Note that () = Q° € 3. Also, DeMorgan’s laws show that Y is closed under
countable intersections. Now we can define general probability spaces.

Definition A probability space is a triple (2, X, P) consisting of a nonempty set
Q, called a sample space, a o-algebra Y. of subsets of ) whose elements are
called events and a real-valued function P defined on 3. called a probability
measure. The function P must satisfy the following properties:

1) (Range) Forall A € %,

0<PA)<1
2) (Probability of )
P(Q)=1
3) (Countable additivity) If
Ay, Ao, ...

is a sequence of pairwise mutually exclusive events, then
POJ&)—EZM&) O
i—1 =1

Continuity of Probability Measures

A decreasing sequence of events is a sequence of events satisfying
A DAy D

Similarly, an increasing sequence of events is a sequence of events satisfying
A C Ay C -

Theorem 9.1 Probability measures are monotonically continuous in the
following sense:
I If Ay O Ay D ---is adecreasing sequence of events, then

hmMAJ—P(ﬂAJ
1—00 ie1
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2) If Ay C Ay C --- is an increasing sequence of events, then

JimP(4: (UA>

Proof. For part 1), the sequence P(4;) of probabilities is nonincreasing and is
bounded below by 0. It is a theorem of elementary real analysis that such a
sequence must converge, so the limit limP(A;) does exist. For convenience, let
A = A;. As shown in Figure 9.1,

=1

Figure 9.1

the events
Ay \ Ag, Ag\ As, ...

are pairwise disjoint and also disjoint from the intersection A. Thus, A; is the
disjoint union

Ay = (O(Ai \ AM)) UA

and so

P(A; \ Ai—1) + P(A)
=1

K3

= lim Z P(4; \ A1) + P(A)
~ lim (A1 \ Ay_1) + P(A)
= Tim (P(A)) — B(A,-1)) + B(4)

=P(4) - 1lim P(An-1) + P(4)

and so
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lim P(A,) = lim P(4,_,) = P(A)

n—0oo n—oo
as desired. We leave proof of part 2) as an exercise.[d

Probability Measures on R

The only nonfinite probability space that we will need to consider in this book is
the set {2 = R of real numbers. The most important o-algebra on R is the Borel
o-algebra, defined as follows.

Definition 7he Borel o-algebra B on R is the smallest o-algebra on R that
contains all open intervals (a,b) for a,b € R. An element of the Borel o-
algebra is called a Borel set.[]

To see that the Borel g-algebra exists, we note the following. First, there a o-
algebra on R that contains the open intervals, namely, the collection of all
subsets of R. Second, it is easy to prove that the intersection of o-algebras is also
a o-algebra. Hence, the intersection of all o-algebras that contain the open
intervals is the smallest o-algebra that contains the open intervals and so is the
Borel o-algebra. Unfortunately, this description is not very practical. However,
the following theorem describes some important Borel sets and is all that we will
need.

Theorem 9.2

1) All open, closed and half-open intervals are Borel sets.

2) All rays (—o0,b], (—00,b), [a,00) and (a, 00) are Borel sets.

3) All open sets and all closed sets are Borel sets.

Proof. We sketch the proof. For 1), to see that the half-open interval (a,b] is a
Borel set observe that

X 1
b = b+ —
@ =)(wb+ 1)
and so (a, b] is the countable union of open intervals and is therefore in B. We

leave proof of part 2) to the reader.

For part 3), we need to make a few comments about open sets in R. First, a
subset A of R is open if for every « € A there is an open interval (a,b) for
which

z € (a,b) C A
A set is closed if its complement is open.
An open interval [ = (a,b) in A is maximal in A if no open interval containing

I as a proper subset is also in A. Any two distinct maximal open intervals are
disjoint, since otherwise their union would be a strictly larger open interval
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contained in A. Also, every maximal open interval contains a distinct rational
number and since there are only a countable number of rational numbers, there
are at most a countable number of maximal open intervals.

Now, every open set A in R is the union of all maximal open intervals contained
within A. Hence, A is the union of at most a countable number of open intervals
and is therefore a Borel set. Moreover, since all open sets are Borel sets and
since a closed set is the complement of an open set, all closed sets are also Borel
sets.[d

At first, the more one thinks about Borel sets, the more one comes to feel that all
subsets of R are Borel sets. However, this is not the case, but it is very difficult
to describe a set that is not a Borel set. Unfortunately, this is a matter that lies
outside the scope of this book.

From now on, the phrase “let IP be a probability measure on R” will carry with it
the tacit understanding that the o-algebra involved is the Borel o-algebra. We
omit proof of the following.

Theorem 9.3 A probability measure on R is uniquely determined by its values
on the rays (—oo, t]. That is, if P and Q are probability measures on R and

P((—o00,1]) = Q((—00,])
forallt € R then P = Q.00
Distribution Functions

For finite or discrete probability spaces, probability measures are most easily
described via their mass functions

f(w) =P({w})

However, the concept of a mass function is not general enough to describe all
probability measures on arbitrary sample spaces. For this, we need the following
concept.

Definition A distribution function is a function F:R — R with the following
propetrties:
1) Fis nondecreasing; that is,

s<t = F(s)<F()

(Note that some authors use the term increasing for this property.)
2) Fisright-continuous, that is, the right-hand limit exists everywhere and

tligl F(t) = F(a)
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3) F satisfies
lim F(t) =0 and tlim Ft)=1 O

t——o0

Figure 9.2 shows the graph of a probability distribution function. Note that the
function in this example is right-continuous but not continuous.

Figure 9.2: A probability distribution function

The extreme importance of probability distribution functions is described in the
next theorem. Basically, it implies that there is a one-to-one correspondence
between probability measures on R and probability distribution functions. Thus,
knowing either one uniquely determines the other and so the two concepts are
essentially equivalent.

Theorem 9.4
1) Let P be a probability measure on R. The function Fp: R — R defined by
Fp(t) = P((—00,1])
is a probability distribution function, called the distribution function of P.

2) Let F:R — R be a distribution function. Then there is a unique probability
measure Pr on R whose distribution function is F'; that is, for which

Pr((—o0,t]) = F(t) o

If P is a probability measure with distribution function Fp, then we can form the
probability measure Q of Fp. According to the definitions,

Q((—oo,t]) = FP(t) = ]P)<<_Oovﬂ)

and so Theorem 9.3 implies that P = Q. Also, if I is a distribution function with
probability measure Pp, then the distribution function G of Pr satisfies

G(t) = Pr((—o0,t]) = F(t)
Thus, the correspondences

IPHF]PJ and FHIPF
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are inverses of one another and so the notions of probability measure and
distribution function are just two different ways of looking at the same concept.

Example 9.1 To convey the notion of equal likelihood for a finite sample space
{1,...,n}, we simply assign the same probabilities 1/n to each elementary
event {k}. However, to convey equal likelihood for an infinite sample space
such as the closed interval [0, 1] in R, we cannot simply assign a positive real
number p to each elementary event {r} for all r € [0, 1] because there are an
infinite number of elementary events and so the sum of their probabilities is not
finite, let alone equal to 1. Indeed, the probability of each elementary event must
be 0 and we must turn our attention to more complicated Borel sets.

To convey the notion of equal likelihood, it seems reasonable that two
subintervals of [0, 1] of equal length should have equal probability. It follows,
for example, that the interval [0,1/2] must have probability 1/2 and more
generally that the intervals [0,1/n] must have probability 1/n. In fact, the
intervals [0, m/n] must have probability m/n for all 0 < m/n < 1. Hence, the
distribution function F' for PP satisfies

0 ift<0
Fit)y=<t if0<t<1
1 ift>1

at least for all rational ¢ = m/n. But ' must be right continuous and so this
must hold for all real numbers ¢. This distribution function is called the uniform
distribution function on [0, 1]. Figure 9.3 shows the graph of /.00

(1.1

Figure 9.3: The uniform distribution function for [0, 1]

Example 9.2 The most important of all probability distributions is the normal
distribution, whose distribution function is

1 b e
0= [
-0

2mo?

Figure 9.4 shows the normal distribution function.
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0.5

Figure 9.4: The normal distribution function

It can be shown that the parameters ;1 and o are the mean and variance of the
distribution, respectively. The standard normal distribution is the normal
distribution with mean 0 and variance 1 and thus has distribution function

S R
¢071(t) = 7%/ 6_7d.’IJ I:l

Note that the uniform and the normal distribution functions are both continuous,
not just right-continuous. Put another way, their graphs have no jumps. A jump
in the distribution function indicates a point at which the probability is not 0. Let
us illustrate with an example.

Example 9.3 A public drug manufacturing company has a new drug that is
awaiting FDA approval. If the drug is approved, the company estimates that its
stock will end trading that day somewhere in the range [10, 15], with uniform
likelihood. However, if the drug is not approved, the stock price will likely be 5.
Let us assume that the probability of approval is 0.75.

We could model this situation with the sample space Q2 = {5} U [10, 15] but it
may be simpler to use the sample space R and simply assign a 0 probability
outside the set {). The distribution function for this probability measure is

0 t<5
0.25 5<t<10
P =9 025+ 0.75(52) 10<t<15
1 t 15

The graph is shown in Figure 9.5. Note the jump at ¢t = 5.00
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0.25 J

5 10 15

Figure 9.5: A distribution function with a jump

Density Functions

The distribution function of a probability measure is not always the simplest way
to describe a probability measure. Many probability measures that occur in
applications have the property that their distribution functions are differentiable
and that their derivatives are very well-behaved.

By well-behaved, we mean that the derivative of the distribution function F' is
integrable and the integral is again equal to F'. (There are functions that have
derivatives that are integrable, but the integral of the derivative is not the original
function.) This can be expressed in symbols as follows:

t
F(t) :/ F'(z)dx
The function f(z) = F'(x) is called a density function for P. Let us have a

formal definition.

Definition
1) A density function f: R — R is a nonnegative function for which

/_Zf(:c)d:n—l

that is, the area under the entire graph of [ over the entire x-axis is equal
to 1.

2) A probability measure P on R or equivalently a distribution function Fp is
absolutely continuous if there is a density function f:R — R for which

Fo(t) = B((~00,1]) = / f(z) da

(Recall that the half-rays are sufficient to define the probability measure.)O]
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From this definition, it follows that

b
B((a,b]) = / /() da

In other words, the probability of the interval (a, b] is the area under graph of
the density function from a to b.

Absolutely continuous probability measures are rather special. For example,
their distribution functions are continuous (not just right-continuous). Thus, all
elementary events have probability 0.

Example 9.4 The uniform distribution function on [0,1] is absolutely
continuous, with density function

0 x¢]0,1]
f(x)—{ 0,1]

1 z€]0,

The graph of f is shown in Figure 9.6.01

1

Figure 9.6: The uniform density function on [0, 1]

Example 9.5 The normal distribution is absolutely continuous, with density
function

— e 22

f(x) =
) vV 27o?
The density of the standard normal distribution is
1 2

f(z) = \/ﬂe_

This is pictured in Figure 9.7. The graph of the normal density function is the oft
spoken of bell-shaped curve.]
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1/ (2n)2

Figure 9.7: The standard normal density function

Random Variables

Just as the issue of events is more complex in the nonfinite case, so is the notion
of random variable. In particular, not all functions are random variables.

Definition Let X be a o-algebra on a nonempty set Q). A function X:§) — R is
>.-measurable if the inverse image of every open interval is in 3., in symbols

X((a,0)) €%

A measurable function on (2, %) is also called a random variable.]
Here are a few facts about random variables, whose proofs we omit.

Theorem 9.5

1) The sum and product of random variables are random variables, as is any
constant multiple of a random variable.

2) The composition of random variables is a random variable.

3) Continuous and piecewise continuous functions are random variables.[]

The Distribution Function of a Random Variable

If (2, %, P) is a probability space and X is a random variable on (€2, 3}), then X
defines a distribution function F'x and corresponding probability measure Py on
R by

Fx(t) = Px((—o0,1]) = P(X < 1)

If Py is finite, discrete or absolutely continuous, then we say that the random
variable is finite, discrete or absolutely continuous, respectively. Absolutely
continuous random variables are often simply called continuous random
variables.
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Independence of Random Variables

The definition of independence is the same for arbitrary random variables as it is
for random variables on finite sample spaces.

Definition Two random variables X and Y on R are independent if
P(X <t,Y <s)=P(X <t)P(Y <)

for all s,t € R. More generally, a collection Xy, ..., X,, of random variables is
independent if

P(X) <ty,..., Xp <o) = [[P(X; <) O
=1

This definition expresses formally the feeling that if random variables are
independent then knowledge of the value of one random variable does not affect
the probabilities associated with the other random variable.

Expectation and Variance of a Random Variable

Recall that for a random variable X on a finite probability space (£2,P) with
O = {wy,...,wn}, the expected value (or mean) is defined by

Ep(X) =) X (wi)P(w)
=1
If g: R — R is a function then the expected value of the random variable g(X) is
Ep(g(X)) =D _g(X(wi))P(w)
=1

Also, the variance is defined by
Var(X) = £((X - p)?)

Let us now extend these concepts to absolutely continuous random variables.

Definition Let X be an absolutely continuous random variable, with density
function f. The expected value or mean of X is the improper integral

EX) = /fo(x) dz

which exists provided that

/oo|m|f(x)d:v < o0
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The variance of X is
Var(X) = £((X - p)?)
and the standard deviation is the positive square root of the variance
ox = 4/ Var(X) O

Also, if g:R — R is a measurable function, then the random variable g(X) has
expected value

provided that

[ lo@re)de < o

—00

Here are some basic properties of expectation and variance.

Theorem 9.6
1) The expected value operator is linear; that is,

£(aX +bY) = af(X) + bE(Y)

2) IfXy,...,X, are independent random variables on R, then
E(X1--X,) = [[e(x0)
=1

3) Var(X) = E(X?) — pu? = E(X?) - E(X)?
4) For any real number a

Var(aX) = a*Var(X)
and
Var(X — a) = Var(X)

5) If X4,...,X, are independent random variables on R, then

Var(X; + -+ X,,) = ZVar(XZ-) O
=1
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The Normal Distribution
Let us take another look at the normal distribution, whose density function is

1 2
N#’U(x) = 67(220;;)

\ 2mo?

We mentioned that the parameters ;o and o° are the mean and variance,
respectively. To calculate the mean, we need only a bit of first-year calculus. The

definition is
1 e _ = w?
£ = ze  2° dx

V2ro?J)-co

Writing = (z — 1) 4+ p and splitting the integral gives

1 00 o2 ) 2
&= / (z — ,u)e_( v dy + — / e da
V21?0 2702 J —c0

The second integral is just u times the integral of NV, , and since this integral is
1, we just get u. As to the first integral, the substitution y = x — p gives

(0.¢] y2
/ ye = dy
—00

But the integrand ye‘y2 is an odd function, from which it follows that the
integral from —oo to oo must be 0. (We leave elaboration of this as an exercise.)
Hence, £ =0+ p = p.

2

/20?

Computation of the variance of the normal distribution requires the beautiful but
nontrivial integral formula

o0 yz

/ yle 2 dy =27

From here, the rest is straightforward, especially using the formula
Var(X) = £(X?) — £(X)?

The upshot is that Var(N, ;) = 0. We leave the details as an exercise.

If NW, is a normal random variable with mean p and variance o2, then we can
standardize ,, , to get the random variable

Nma — K

g

7 =

which has mean 0 and variance 1. To compute the distribution of Z, we have
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ru

P(Z <t) =PNuo < ot+p) =

ot+p
V 27702/

The substitution y = (x — u)/o gives

P(Z < e da

0wl

and so Z is also a normal random variable, called the standard normal random
variable.

Theorem 9.7 If N,, , is a normal random variable with mean i and variance o?

then
Nio = 1

g

7 =

is a standard normal random variable. Conversely, if Z is a standard normal
random variable, then

NT7U - UNO,l + H

is a normal random variable with mean 1. and variance o*.00

A distribution related to the normal distribution that we will have use for is the
lognormal distribution. If a random variable X has the property that its
logarithm log X is normally distributed, then the random variable X is said to
have a lognormal distribution. Note that X is lognormal if its logarithm is
normal, not if it is the logarithm of a normal random variable. In other words,
lognormal means “log is normal” not “log of normal.” Proof of the following is
left as an exercise.

Theorem 9.8 If X is lognormally distributed; that is, if Y = log X is normal
with mean a and variance b>, then

E(X) = E(eY) = et
Var(X) = Var(e") = 2 (e — 1) 0

Convergence in Distribution

You may be familiar with the notion of pointwise convergence of a sequence of
functions. In any case, here is the definition.

Definition Let (f,) be a sequence of functions from R to R and let f be another
such function. Then (f,) converges pointwise to f if for each real number x,
the sequence of real numbers (f,(x)) converges to the real number f(x).0d
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Now consider a sequence (X,,) of random variables and let X be a random
variable. There are several useful ways in which the notion of convergence of the
sequence (X,) to X can be defined. However, we are interested in only one
particular form of convergence.

Definition Ler (X)) be a sequence of random variables, where we allow the
possibility that each random variable may be defined on a different probability
space (2, Py,). Let X be a random variable on a probability space (2, ). Then
(X,,) converges in distribution 70 X, written

X, & x
if the distribution functions (Fx,) comverge pointwise to the distribution
function Fx at all points where Fx is continuous. Thus, if F'x is continuous at s,
then

lim FXn(S) = Fx(s)

that is,
lIim P, (X, <s)=P(X <)

n—0oo

Convergence in distribution is also called weak convergence. ]

It can be shown that if X, converges in distribution to X, then f(X,,) converges
in distribution to f(X) for any continuous function f. Also, weak convergence
can be characterized through expected values, as described in the following
theorem.

Theorem 9.9 Let (X)) be a sequence of random variables, where X, is defined
on (2, Py). Let X be a random variable defined on (2, P).
1) We have

dist

X, — X & &, (9(Xn) — Er(9(X))

for all bounded continuous functions g: R — R. In particular,

dist

X,—X = &, (X, —&X)

2) For all continuous functions [:R — R,

dist dist

X,— X = [f(Xn) — f(X) O

We will also need the following result, whose proof we also omit.
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Theorem 9.10 Let (X,,) be a sequence of random variables with

dist

X,— X
where X is a random variable whose distribution function is continuous. If (a,)
and (by,) are sequences of real numbers for which

a, —a and b, —b

then

i
anXn + by 5 aX + b
di
In particular, if a #0 and X, g/\/m where Ny is a standard normal
random variable, then

dist
aan + bn — Na,b

where N,y is a normal random variable with mean a and variance b2.00

The Central Limit Theorem

The Central Limit Theorem is the most famous theorem in probability and with
good reason. Actually, there are several versions of the Central Limit Theorem.
We will state the most commonly seen version first and later discuss a different
version that we will use in the next chapter.

Speaking intuitively, the distribution function of a random variable X describes
its probabilistic behavior. More precisely, if X and Y are random variables with
the same distribution function then

Pla< X <b)=Pa<Y <b)

for all real numbers a and b. Note that the functions X and Y need not be the
same. In fact, they need not even be defined on the same sample space. When
two or more random variables have the same distribution function, they are said
to be identically distributed.

Informally speaking, the Central Limit Theorem says that if
Sn:Xl+"'+Xn

is the sum of n independent random variables X; that are identically distributed
with finite mean y and finite variance o2 and if we standardize S, to
Sp—n
g = 2 I
ﬁa
then the distribution function of S approximates the standard normal
distribution regardless of the type of distribution of the original random
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variables X;. Moreover, the approximation gets better and better as n gets larger
and larger.

Thus, the process of summing and standardizing “washes out” the original
probabilistic characteristics of the individual random variables S, and replaces
them with the characteristics of the standard normal random variable!

Here is a formal statement of the Central Limit Theorem.

Theorem 9.11 (Central Limit Theorem) Let Xy, Xo,... be a sequence of
independent, identically distributed random variables with finite mean p and
finite variance o* > 0. If

Sn - in

then the standardized random variables

S*:Sn_n,u’

n \/EO'

converge in distribution to a standard normal random variable J\/’oyl; that is,
lim FS;L (t) = ¢071 (t)
n—00

and so

1 t 22
P(S: <t)~ —/ e 2dx
vV 27T —00
where the error in the approximation tends to 0 as n tends to co.O]

As you might expect, the proof of the Central Limit Theorem is a bit involved
and we will not go into it in this book.

As mentioned earlier, we need a different version of the Central Limit Theorem
for our work on the Black—Scholes formula, since we must consider not just a
simple sequence of random variables but a triangular array of random variables

B
By1 Bap

Bs1 Bsa Bss

In each row, the random variables are independent, identically distributed
standard Bernoulli random variables. Thus, B, ; is a Bernoulli random variable
with
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qn —Pn
P Bni - = Dn d P Bni - — dn
( ' V ann) b o ( ' iV ann> 1

where ¢, =1 — p, (see Theorem 3.17). However, random variables from
different rows need not be independent, nor are they necessarily identically
distributed. In fact, they need not even be defined on the same probability space.

The version of the Central Limit Theorem that covers this situation says that
under a certain condition, the adjusted row sums

S1 =B,
1
Sy = —=(B21 + B22)

V2

1

A

S Bs1+ Bss + Bs3)

converge in distribution to the standard normal distribution ¢q ;. Without going
into details, it is sufficient to assume that there is a p satisfying 0 < p < 1 for
which

Pn— P
Then g, converges to ¢ = 1 — p, which also satisfies 0 < ¢ < 1.
Theorem 9.12 (Central Limit Theorem) Consider a triangular array of
random variables

Bia
By Bap
Bs1 Bso DBsgs

where for each row, the random variables B, ; are independent, identically
distributed standard Bernoulli random variables with

qn —DPn
( ’ \/ ann) Poan ( 7 \/ ann> 4

However, the random variables in different rows need not be independent or
identically distributed, or even defined on the same probability space. Suppose
also that p, — p, where 0 < p < 1. Then the random variables

1 &
Sn:— B

converge in distribution to a standard normal random variable.[]
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As mentioned earlier, we will use this theorem in the next chapter to help derive
the Black—Scholes option pricing formula.

Exercises

1. Let f(t) be a piecewise linear probability density function with the
following properties: f(¢t) =0 for ¢t <0 and ¢t 2, f(1) = a. Sketch the
graph and find a. Sketch the corresponding distribution function.

2. Let X have a distribution function F' given by

0 t<0
F(t)=q 3t 0<t<2
I t>2

Let Y = X2 Find
a) PO<X<I)
b) P(1 <X <3)
c) P(Y <X)
d PX+Y <9
e) the distribution function of the random variable ﬁ
3. Let Q = {w,ws,ws} and let P be the uniform probability measure on €2;
that is, P(w;) = 1/3 for i = 1, 2, 3. Consider the following random variables

X(u)l) = 1,X(w2) = 2,X(w3) =3
Y(w) =2,Y(w2) =3,V (w3) =1
Z(u)l) = 3,Z(w2) = 1,Z(w3) =2

Are these functions the same? What about their distribution functions?
Show that a o-algebra is closed under countable intersections.

Show directly that all rays are Borel sets.

Show directly that all closed intervals are Borel sets.

Prove that

Nk

P(AU B) + P(AN B) = P(A) + P(B)

for any events A and B. This is called the Principle of Inclusion-Exclusion
(for two events).
8. Prove that a probability measure is subadditive; that is,

P(AU B) < P(A) + P(B)

for any events A and B.
. Find and graph the uniform distribution function on the interval [a, b].
10. Show that the most general Bernoulli random variable B with mean 0 and
variance 1 is given by



11.
12.

13.

14.

15.

16.

17.
18.
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P(B—ﬁ)*P
P(B=—2)=q

where g =1 — p.
Fill in the details to show that the normal distribution has mean .
Compute the variance of the normal distribution using the integral formula
in the text.
Prove that if A; C Ay C --- is an increasing sequence of events, each
contained in the next event, then limP(A;) exists and

1—00

limP(A;) =P (UAZ)
7—00 i1

Let X be a random variable on R. Prove that the function
J)=PX <)

is a probability distribution function. Hint: Make heavy use of monotone
continuity.

For a probability measure P with distribution function I verify that

a) P((a,b]) = F(b) — F(a)

b) B((a,b) = F(b-) - F(a)

o) B(a,b) = F(b—) — Fla~)

d) B(la,b]) = F(b) ~ Fla-)

where the negative sign means limit from below.

If X, mx show that for any real numbers a # 0 and b

dist

aX,+b—aX+Db

Use part 1) of Theorem 9.9 to prove part 2).
Prove that if P and Q are probability measures on R and if

P((—o00,t]) = Q((—o0, 1))

for all t € R, then P and Q also agree on all open intervals.



Chapter 10
The Black—Scholes Option Pricing Formula

The models that we have been studying are discrete-time models, because
changes take place only at discrete points in time. On the other hand, in
continuous-time models, changes can take place (at least theoretically) at any
real time during the life of the model.

The most famous continuous-time derivative pricing model culminates in the
Black—Scholes option pricing formula, which gives the price of a European put
or call based on five quantities:

the initial price of the underlying stock, which is known,

the strike price of the option, which is known,

the time to expiration, which is known,

the risk-free rate during the lifetime of the option, which is assumed to be
constant and can only be estimated,

e the volatility of the stock price, a constant that provides a measure of the
fluctuation in the stock’s price and thus is a measure of the risk involved in
the stock. This quantity can only be estimated as well.

Our goal in this chapter is to describe this continuous-time model and to derive
the Black—Scholes option pricing formula. We will derive the continuous-time
model as a limiting case of the binomial model.

Stock Prices and Brownian Motion

In 1827, just 35 years after the New York Stock Exchange was founded, an
English botanist named Robert Brown studied the motion of small pollen grains
immersed in a liquid medium. Brown wrote that pollen grains exhibited a
“continuous swarming motion” when viewed under the microscope.

The first mathematical explanation of this phenomenon was given by Thorvald
N. Thiele in 1880 in a paper on the method of least squares. In 1905, Albert
Einstein showed that this swarming motion, which is now called Brownian
motion, could be explained as the consequence of the continual bombardment of
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the particle by the molecules of the liquid. A formal mathematical description of
Brownian motion and its properties was first given by the mathematician Norbert
Wiener beginning in 1918.

It is especially interesting to note that the phenomenon that is now known as
Brownian motion was used by the French mathematician Louis Bachelier to
model the movement of stock prices for his doctoral dissertation in 1900.

Brownian Motion

Let us give a formal definition of Brownian motion. We have defined a finite
stochastic process as a sequence X1, ..., Xy of random variables defined on a
sample space ). A continuous stochastic process on an interval I C R of the
real line is a collection {X; |t € I} of random variables on 2 indexed by a
variable ¢ that ranges over the interval I. We will generally take / to be the
interval [0, c0). The variable ¢ often represents time and so X, is the value of the
process at time ¢. If {X;|{ € I} is a stochastic process, then the random
variable

Xt_Xs

where s < t is called an increment of the process.

Definition A continuous stochastic process W = {W; |t 0} is a Brownian

motion process with volatility o if

I Wy=0

2) Each increment Wy — W is normally distributed with mean 0 and variance
a*(t — s). In particular, since Wy =0, each W, is normally distributed
with mean 0 and variance o>t.

3) W has independent increments; that is, for any times t; < to < --- <,
the nonoverlapping increments

Wi, = Wy, Wy — Weyy oo o J W, =W,
are independent.[]
Brownian Motion with Drift
It is also possible to define Brownian motion with drift. Drift takes the form of a

constant multiple of time.

Definition A stochastic process of the form
W=A{ut+W,|t 0}

where p is a constant and {W,} is Brownian motion with volatility o is called
Brownian motion with drift p and volatility o.[]

When we use the phrase Brownian motion, we mean Brownian motion with drift
(which may be 0).
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Standard Brownian Motion

A Brownian motion process {Z; | t 0} with drift 4 = 0 and volatility o = 1 is
called standard Brownian meotion. In this case Z; has mean 0 and variance ¢. If
{W; |t 0} is Brownian motion with drift 2 and variance o2, then we can write

Wt = ,U,t + O'Zt
where {Z, |t 0} is standard Brownian motion.
Sample Paths

Figure 10.1 shows three simulated sample paths for Brownian motion with drift
1 = 0.08 and volatility ¢ = 0.20 on the interval [0, 1]. The straight line shows
the drift.

0.3

0.2¢

0.1¢

-0.1¢

02 - - - -
0 02 04 06 08 1

Figure 10.1: Brownian motion sample paths: p = 0.08, 0 = 0.20
More specifically, if we fix an outcome w € €2, then we can define a function
t — Wi(w)
The graph of this function is called a sample path.
Figure 10.2 shows a single sample path for a Brownian motion process with the

same mean y = 0.08 as the previous case but with volatility ¢ = 0.05. As you
can see, volatility is aptly named.
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0.3
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Figure 10.2: Brownian motion with small volatility

Brownian motion is one of the most important types of random processes and
has a great many applications. This should not be a surprise in view of the
Central Limit Theorem, which explains why the normal distribution is so
important. (Brownian motion is a kind of “traveling normal distribution.”)

In any case, Brownian motion has some very special properties. For instance, the
sample paths are continuous functions that are essentially nowhere
differentiable; that is, it is not possible to define a tangent line at any place on the
path! Thus, a sample path has no jumps but is nonetheless very jerky, constantly
changing direction abruptly. (The previous figures do not do justice to this
statement because they are not true sample paths, since we cannot plot infinitely
many values.)

Geometric Brownian Motion and Stock Prices

How does Brownian motion with drift relate to stock prices? One possibility is to
think of a stock’s price as a “particle” that is subject to constant bombardment by
“smaller particles” in the form of individual stock trades, various changes in the
economy and other events. Indeed, the normal distribution seems like a
reasonable choice to model a stock’s price if we think of the vicissitudes of that
price as being the result of a large number of more or less independent (and
similarly distributed) factors.
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However, there are some obvious problems with the Brownian motion viewpoint
for stock prices themselves. First, a Brownian motion process can be negative
whereas stock prices are never negative. Second, in a Brownian motion process,
the expected change

EWy = W) = pu(t—s)

in the value of VW depends only on the time change ¢ — s and not on the value
W, for example. But the expected change in a stock price does seem to depend
on the stock’s starting price W;. For instance, an expected price change of $1
might be quite reasonable if W, = $200 but quite unreasonable if Wy = $0.02.

To resolve these issues, it would seem to make more sense to model the
instantaneous rate of return of the stock price as a Brownian motion process, for
this quantity seems more reasonably independent of the initial price. For
example, to say that a stock’s rate of return is 10% is to say that the price may
grow by a factor of %, regardless of its initial value.

This viewpoint can be handled by assuming that the stock price S; at time ¢ is
given by
Sy = Spe™

where Sy is the initial price and H; is a Brownian motion process. The exponent
H,; represents a continuously compounded rate of return of the stock price over
the period of time [0, ¢]. Note also that H; satisfies

St
H, =1 —
TR ( So )
and so we will refer to it as the logarithmic growth of the stock price.

Definition A stochastic process of the form
{e" 1t 0}
where {Wy|t 0} is Brownian motion is called geometric Brownian

motion. ]

Figure 10.3 shows a simulated sample path from a geometric Brownian motion
process with the same drift (1 = 0.08) as before but with an unnaturally large
volatility in order to demonstrate the exponential nature of the growth.
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0 L L L L
0 0.2 0.4 0.6 08 1

Figure 10.3: Geometric Brownian motion

If we assume that [7; follows a Brownian motion process with positive drift, then
we can write

S
Ht = log(—t) = ,LLt+G'Wt
So
where {W;} is standard Brownian motion. Therefore, H; has a normal
distribution with
E(H;) = ut and Var(H;) = ot

As we have seen, if a random variable X has the property that its logarithm is
normally distributed, then the random variable X is said to have a lognormal
distribution. Accordingly, S;/Sy is lognormally distributed. Figure 10.4 shows
a typical lognormal density function.



The Black—Scholes Option Pricing Formula 221

0.75 7

0.50 +

0.25

1 2 3 4
Figure 10.4: A lognormal density function

According to Theorem 9.8,
E(Sy) = Spelstao)t
Var(St) _ (Soe(qu%g?)t)Q(eg?t _ 1)

This value of £(.S;) tells us that the expected stock price depends not only on the
drift p of I, but also on the volatility o.

The Binomial Model in the Limit: Brownian Motion

In an earlier chapter, we looked at the binomial model from the point of view of
the logarithmic growth in the stock price. Let us recall the pertinent results.

Recap of the Binomial Model
First, we specify the model times as
O=th<thi < ---<tr=t

Thus, the lifetime of the model is [0, ¢]. We are using ¢ here instead of L because
we want to think of ¢ as a variable. We also want to emphasize the role of the
number 7" of time intervals in the model, since our plan is to let 7' approach
infinity. Now let us recall Theorem 6.4.

Theorem 10.1 Let M be a binomial model with the following parameters:
1) Lifetimet O.

2) T time increments, each of length At = t/T.

3) Up-tick factor u and down-tick factor d, where 0 < d <1 < w.

4) A probability of up-tick p € (0,1) and down-tick g =1 — p.
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5) Drift and volatility associated with p,

1
p= 5 (plogu+glogd)

0_2

— 7pallogu — log d)’

Then the stock price is given by
ST = S()EHT

where the logarithmic growth is
T
Hp = pt + U\/EZXT,Z'
i=1
with deterministic part it and random part
T
Qr=o \/EZXT,Z'
i=1

The random variables Xt ; are independent standard Bernoulli random
variables defined by

Xr,; = O

)

ﬁ with probability p
\;T% with probability q

Note that the parameters p, q, u, d, 1 and o depend on 7" and so we may include
a subscript 7' when necessary to avoid confusion.

Taking the Limit as At — 0

Let us now see what happens to the binomial models My as 17" — oo or
equivalently, as At — 0. We want to apply the Central Limit Theorem to the
triangular array of Bernoulli random variables that represent the random portion
of the stock price:

Model Ml : X171

Model My :  Xo1  Xo»
Model M3 : X371 X3o X33

For each model M, with probability space (Qr,Pr), the random variables X, ;
are independent and identically distributed, with
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1_
Py XT7i:7pT =pr
pr(1 —pr)

Pr XTJ:i =1—pr
pr(1—pr)

The Central Limit Theorem in the form of Theorem 9.12 applies to the triangular
array above provided that the probabilities pr satisfy

Requirement 1: py — p for some p € (0,1)

Assuming that this requirement is met, the Central Limit Theorem implies that
the adjusted sums

1 & 1
—— N Xp=—
ﬁ; T, O_T\/gQT

converge in distribution to a standard normal random variable; that is, for any

real number s,
lim IPT< Qr < s) = ¢0,1(5)

T—o0 O—T\/g

Thus, we may write

Qr  dist
7z
O’T\/g

where Z; is a standard normal random variable.

For the logarithmic growth Hp, Theorem 9.10 implies that if the following
holds:

Requirement 2: i — p, oy — o for real numbers p and o # 0

then

dist

QT — UT\/ZZt

and so

dist

Hy = prt+Qr —  Hy:=ut+ov\/tZ
As to the stock price itself, since St is a continuous function of Hr,

ST = S() EHT
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and so Theorem 9.9 implies that
Sr T Speth = Sperttovi
Note that

E(\/ZZt) =0 and Var(\/ZZt) =t

and
E(H;)=0 and Var(H,) = o’

For convenience, we make the following definition.

Definition A family of binomial models My for T' > 0 is stable if
1) pp — pforsomep < (0,1).
2) pr — w,or — o for real numbers . and o # 0.00

Variable Lifetimes

Although we have derived these formulas for a fixed total lifetime ¢, as
mentioned earlier, we want to think of ¢ as a variable and so we get one binomial
model My for each lifetime ¢ > 0 and interval count T'. Unfortunately, our
derivation does not expose the relationship between the limiting random
variables \/ZZt, as t ranges over all nonnegative real numbers.

We will not go into this issue formally. However, we can make a few informal
observations. First, it should be intuitively clear that our model is translation
invariant in the sense that we obtain essentially the same model over any two
lifetimes [s1,¢1] and [sq, o] of the same length. Second, because we assume that
nonoverlapping increments are independent, we should be able to piece together
models from disjoint contiguous intervals into a model for one large interval.
These facts imply that the stochastic process

{\/th |t 0}
is actually standard Brownian motion. Hence,
{H: |t 0}

is a Brownian motion process with drift x and volatility o. Finally, the stock
price process itself

{s:[t 0}

is a geometric Brownian motion process with drift ¢ and volatility 2.

We can now summarize our knowledge of the behavior of the stock price in the
limiting case of the binomial model.



The Black—Scholes Option Pricing Formula 225

Theorem 10.2 Let M 1 be a binomial model with the following parameters:
1) Lifetimet O.

2) T time increments, each of length At = t/T.

3) Up-tick factor ur and down-tick factor dp, where 0 < dp < 1 < ur.

4)  Probability of up-tick pr € (0,1) and down-tick gp = 1 — pr.

5) Drift and volatility

1
pr = E(mlog ur + qrlogdr)

1
o7 = EPTQT(IOg ur — logdr)?

Let Si 1 be the final stock price and let

S
Hyr = log(%oT>

be the logarithmic price growth. If the family {M,r | T > 0} is stable; that is,
if
pr —p
for some p € (0,1) and
pr = p,0r — 0
for some real numbers p and o # 0, then

dist

Hy =5 H=ut+o\iz

and

St . dist St _ SoeutJra\/ZZt

s

Moreover, the process

{(Viz, |t 0}

is standard Brownian motion. Hence, the logarithmic growth and stock price
processes

(H,|t 0} and {S,|t 0}

are Brownian and geometric Brownian, respectively, with drift | and volatility
0. Also, the stock price growth Sy /Sy is lognormally distributed with

E(S;) = Speltat
Var(S;) = (Spelt270)2(e7 — 1) O
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The Natural Binomial Model

In the general binary model described above, the up-tick probability p is
arbitrary (but different from O or 1). This probability may or may not be related
to the martingale measure up-tick 7. If the probability p is determined by
empirical means (or by assumptions) based on economic data, we refer to it as
the natural up-tick probability and denote it by v. We also refer to the
binomial model in which p = v as the natural binomial model. This is the
model under which we want to price alternatives.

It is customary to make the following assumptions about natural binomial
models.

Assumption 1
The natural probability v of an up-tick in the stock price satisfies 0 < v < 1 and
does not depend on the number 7" of intervals.

Assumption 2
The resulting natural drift and volatility

1
= Kt(uloguT + (1 —v)logdyr)

1
o Ktz/(l —v)(logur — log dr)?
called the natural drift and natural volatility, respectively, do not depend on
the value of 7' (or At). (These parameters are more commonly called the

instantaneous drift and instantaneous volatility.)

Now, the assumption that x and ¢ are constant with respect to 1" amounts to
specifying a relationship among ur, dr and v, which is obtained simply by
solving the equations above to get

1—
logur = pAt+ o/ AtV
v(l—v)
logdr = pAt — oy I —
v(l—v)

Thus, the martingale measure up-tick probability

BTT _ dT

ur — dr

T

can also be expressed directly in terms of the natural probability v and the
natural drift ;4 and volatility o. This expression can be used to show that the
martingale measure up-tick probability mr approaches the natural up-tick
probability v as T" approaches oco.
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Theorem 10.3 Let M1 be the natural binomial model with natural drift u and
volatility o.
1) The martingale measure up-tick probability is given by

e(rfu)AtJr\/ﬁa'\/ At 1

m =
1
eVl oV At 1

2) The martingale probability m = 7 approaches the natural probability v as
T — oo or equivalently as At — 0; that is,

lim 7p = v
T—00

Proof. For part 1), the previous equations for log ur and log dr give

At+o/ At—A=— At—o\/At—~L—
up = e A0 and  dp = el V=7

Substituting into the expression for 77 gives the desired formula. Part 2) is a
simple application of I’Hopital’s rule to evaluate the limit

lim 77 = lim <
T—00 At—0 eV NoOVAL 1

We leave this to the reader.[]

Of course, the assumptions that v, i and ¢ are constant and 0 < v < 1 imply
that the natural binomial models are stable and so Theorem 10.2 implies that

He 2% H, = ut + o/12,
and

N
where

(Vtz |t 0}
is standard Brownian motion. Also, the logarithmic growth and stock price
{Ht | t O} and {St | t 0}

are Brownian and geometric Brownian, respectively, with drift ;o and volatility
o. Also, the stock price growth S; /Sy is lognormally distributed with

E(St) = 506(”+%02)t
Var(St) _ (Soe(u+%g2)t)2(eg2t _ 1)
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Estimating the Natural Drift and Volatility

The assumption that the natural up-tick probability, the natural drift and the
natural volatility are constant is not very realistic, but is based on practical
considerations, since the model would be mathematically intractable without
some simplifying assumptions (as is often the case with complex physical
phenomena). In fact, this assumption is usually extended into the past; that is, it
is assumed that the natural drift and volatility can be estimated by looking at the
past history of the price for the stock in question.

Specifically, we choose a small value for At; for example, At may correspond
to one day. Then over a large number of these short periods of time, we compute
the logarithmic growth factors

log B = log( Stock price at end of period )

Stock price at start of period

The average of these sample values is an estimate of pAt and the sample
variance of these sample values is an estimate of o2 At. Of course, the more
samples we take, the better the estimates will be. Let us consider an example.

Example 10.1 The following portion of an Excel spreadsheet shows closing
stock prices over a 10 day period. Here we are taking At to be one day; that is,
1/365 years. The initial price is $50.

Day Price Growth Log Growth Average Sample Var
0 50 0.000359354 0.000677264
1 50.95 1.019 0.018821754  Per Unit Per Unit
2 49.74 0.976251 -0.024035321 0.131164046 0.247201227
3 49.46 0.994371 -0.005645176
4 49.83 1.007481  0.00745295
5 48.7 0.977323 -0.022938182
6 50.2 1.030801 0.030335997
7 49.57 0.98745 -0.012629215
8 51.78 1.044583 0.043618162
9 52.17 1.007532 0.007503643
10 50.18 0.961855 -0.038891076

The growth column contains the quotient of the stock price and the previous
stock price. For example, 50.95/50 = 1.019. The average is simply the sum of
the logarithmic growths divided by the number of logarithmic growths. The
sample variance is computed using the formula

1 n
Sample var = m;(ith value — average)®

(The reason for dividing by n — 1 instead of n has to do with obtaining an
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unbiased value.) Finally, the “per unit” values are obtained by multiplying the
average and variance by 1/At = 365. It follows that ;2 ~ 0.13 and o ~ 0.25 on
an annual basis (that is, the units of time are measured in years).[]

The Martingale Measure Binomial Model

Let us take a peek at our main goal to see what to do next. The payoff for a
European put (for example) with strike price K is

X = (K - S7)" = (K — Spefir)*
and the absence of arbitrage implies that the initial price of the put must be
T(Put) = e "E((K — Spefr) ™)

where the expected value is taken under the martingale measure of the natural
binomial model. Taking limits as 7" tends to infinity gives

Py = lim Z(Put) = e lim £((K — Spef™) ")

T—o0 T—o0
where P, denotes the limiting price random variable. Setting
g(z) = (K — Soe")"
which is bounded and continuous on R gives

Py = e ™ 1im E(g(Hr))

—00

Now Theorem 9.9 says that if Hr converges weakly to a random variable X
under the martingale measure, then

Py = ™" lim E(g(Hr)) = e "E(9(X))

—00

Hence, we must find the weak limit of /7 under the martingale measure.

To find this weak limit, we consider the binomial models M r formed by taking
pr to be the martingale measure up-tick probability from the natural model with
natural up-tick probability v; that is,

erT _ dT

=TT =
pr T wr — dr

Let us refer to this as the martingale measure binomial model. To see if these
models are stable, we must determine the limits of 7 as well as the martingale
measure drift and volatility

1
Hr T = E(WTIOg ur + (1 — mr)logdr)

1
OEF,T = Eﬂ'T(l — 7TT)(10g ur — log dT)2
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as " approaches oco. Theorem 10.3 implies that

lim 7p = v

—00

To determine the other limits, we relate the drifts and volatilities of the two
models.

Theorem 10.4 The martingale measure model drift (i, 7 and volatility o, 1 are
related to the natural drift u,, and volatility o, by

=y + 0y (T_V)
VALV =)
2 o mr(l —7r)
Uﬂ',T_O-v I/(l—l/)

Proof. For the drifts, we have

1
KT — Py = E(WT —v)(logu — logd)

and since

_\/ v(1 —v)(logu —logd)

we have
Mo — 1 TP — vV

oy VAL (1 =)

from which the formula follows. For the volatilities, we have

ﬁ B (1 — mr)(logu — logd)? _ mr(l—mr) -
o2 (1 —v)(logu — logd)? v(l—v)

Now we can compute the required limits for stability of the martingale measure
binomial models.

Theorem 10.5 The following limits hold:

2

g,

lim u,7=r— =+ and limo,r=o0,
T—o00 ’ 2 T—o00 ’

where r is the risk-free rate.
Proof. Since 1, and o, are constant and Theorem 10.4 gives

(m —v)

HmT MUJFUV\/_m

we have
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) Oy . T — Vv
lim = [y + lim
TﬂOO/’LmT oy /V(l — V) Atﬂo( v/ At )
Now we use the formula for 7 from Theorem 10.3 to evaluate the limit
. B(T—Mu)Atﬁ“\/ﬁUu\/A_t -1
lim

1
At—0+/ At eﬁ%m -1

This is a bit messy. Either I’Hopital’s rule and a strong constitution or a
symbolic algebra software package gives the limit as

— UV

2(r — py) — o2
Ar=m) =0y A=y
20,
and so
. oy 2(r— ) — o
im prr = pty + Vvl —v
Tﬂoo'u T = M \/l/(l — l/) 20, ( )
o,
=r - —=
2

as desired. For the limit of the sequence o, r, we begin with the formula

s _ omr(l—mr)
omT = % v(l—v)

from Theorem 10.4. But Theorem 10.3 implies that 77 — v and so

Alim olp =0
t—0 '

Taking square roots gives the desired result..]
Now Theorem 10.2 will give us the desired weak limit.

Theorem 10.6 Let M; 7 be a martingale measure binomial model with the

following parameters:

1) Lifetimet O.

2) T time increments, each of length At = t/T.

3) Up-tick factor ur and down-tick factor dr, where 0 < dr < 1 < ur.

4) Probability of up-tick equal to the martingale measure up-tick probability
from the natural model with up-tick probability v; that is,

BTT _ dT

pr =TT =
ur — dr
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5) Drift and volatility

1

Urr = Kt(ﬂ'TIOg ur + (1 — 7TT)10g dT)
1

072T7T = Kt’ﬂ'T(l — 7TT)(10g ur — log dT)2

Then

2

|4

o
mr — v, ,umT—>’l“—7 and oy — 0,

where 1 is the risk-free rate and so the model is stable. Hence, the logarithmic
growth satisfies

dist 0'2
Hyp = Hy=(r— = t+ o/t

where Z; is standard normal and

2
dist — TVt ho,\/tZ,
St,T*)St:SOS(T 2) o1z
where

{\/ZZt |t 0}
is standard Brownian motion. The logarithmic growth and stock price processes
{H|t 0} and {S:|t 0}

are Brownian and geometric Brownian, respectively, with drift p and volatility
0. Also, the stock price growth S;/ Sy is lognormally distributed with

£(S)) = Se™t
Var(S;) = (Sge”)Q(e“’%t —1) 0

We will return to our primary goal of alternative pricing under the natural
binomial model a bit later. First, we have some other business.

Are the Assumptions Realistic?

We cannot continue without a short pause to comment on whether the
assumption that stock prices are lognormally distributed, or equivalently that the
logarithmic growth in the stock price is normally distributed, is a realistic one.
There has been much statistical work done on this question, resulting in evidence
that growth rates exhibit a phenomenon known as leptokurtosis, which means
two things:

e The probability that the logarithmic growth is near the mean is greater than
it would be for a normal distribution (higher peak).
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e The probability that the logarithmic growth is far away from the mean is
greater than it would be for a normal distribution (fatter tails).

There is other statistical evidence that the assumption of normality is perhaps not
realistic. For a further discussion, with references, we refer the reader to Chriss
(1997). Of course, this should not necessarily come as a surprise. After all, the
assumptions that lead to the formula

2
Ht = (7’ — O;)t + O'I,\/Zth

are not very realistic. Nevertheless, the Black—Scholes formula, which relies on
this normal model, and to which we know turn, is the most widely used formula
for option pricing.

The Black—Scholes Option Pricing Formula

We now have the tools necessary to derive the Black—Scholes option pricing
formula for a European option. As we have seen, the payoff for a European put
(for example) with strike price K is

X = (K —S7)" = (K — Spefir)*
and the absence of arbitrage implies that the initial price of the put must be
T(Put) = e "E((K — Spefr) ™)

where the expected value is taken under the martingale measure of the natural
binomial model. Taking limits as 7" tends to infinity gives

Py, = lim Z(Put) = " lim £((K — Spef™) ")

T—o0 T—o0
where P, denotes the limiting price random variable. But the function
g(z) = (K — Spe”) "

is bounded and continuous on R and since Theorem 10.6 implies that
A 2
oy &, = (r— %)t+ o 17,

Theorem 9.9 implies that
P = e E((K — Spe)T)

Since H, is normally distributed with mean and variance
2
o
a= (r— 7”)1? and b® = ot

respectively, we have
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T

where the 7 under the square root sign is just pi, not the martingale up-tick
probability! (Sometimes a 7 is just a 7.)

All we need to do now is evaluate this integral. Making the substitution
y = (x —a)/b gives

e—rt o]

Py =
V2mJ-
Now the integrand is nonzero if and only if

K — Spe®™ > 0

1 K
y<h:= E[Iog(&)) —a]

e—rt h

Py =
Nz

Splitting this into two integrals gives

(K — Soe) e v 2dy

that is, if and only if

and so

(K — Soe?t®)e v 2y

—r h —r
POO _ Ke t eiyz/Qdy . 506 t
V21 J-co \ 2T

The first of these integrals is

.2
€a+bye y/Zdy

Ke—rt
NeT:

where ¢ 1(x) is the standard normal distribution function. The second integral
could use some work

h
eV Pdy = Ke " go1(h)
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—rt  ph —rt rh
S()e / a+bye—y /2d S()e e (yz—Qby—Qa)/Qdy
V2o J- V2T

S()e -t h
= 7\/%

—rt h
_ S0 a2 / D2y
vV 2T —00

e~lw=bp—r=2al2 g,

h—b
_ Soe—rt+b2/2+a 12 / e—yz/Qdy
\2mJ) -

_ Soefrt+b2/2+a¢0,1(h _ b)
Thus
Poo _ Ke_rt¢0,1(h) _ Soe_rt+b2/2+a¢0’1(h _ b)

Now we have a pleasant surprise with respect to the exponent in the second term,
namely,

1 1 t
—rt + §b2+a: —rt + §t03+ 5(21"—0?,) =0

and so we arrive at our final destination

Py = Ke o1 (h) — Soor(h — V/1o,)

() - () e

This is the famous Black—Scholes formula for the value of a European put.

where

We can use the put-call option parity formula to get the corresponding price of a
European call. Recall that this formula says that the price of a call is given by

C=P+Sy—Ke™
Taking limits as 7" tends to oo gives
Co =P+ Sy —Ke™
= Ke " (poa(h) = 1) = So(doa(h — Vo) = 1)
Since

Po1(—t) =1 — ¢oa(t)
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the price of the call is
Coo = —Ke " o1(=h) + Sopo.1 (V1o — h)

By setting do = —h and d; = dy + a\/g as seems to be commonly done, we get
the formulas shown in the following theorem.

Theorem 10.7 (The Black—Scholes Option Pricing Formulas) For European
options with strike price K and expiration time t, we have

C' = Sogo(dr) — Ke " ¢oa(ds)
P = Ke " ¢o1(—da) — Soo,1(—di)

where Sy is the initial price of the underlying stock, o is the natural volatility,
¢o,1 is the standard normal distribution function and

d = O'L\/Z [10g<%> +t(r+ %ﬁ)]
dy = gi/z[log(fn +t(r— ;0’2)] =d — o/t

where r is the risk-free rate.[]

We note that these formulas do not involve the natural drift. In fact, the only
“unknown” quantities are the natural volatility o, and the risk-free rate r.

Example 10.2 Consider a European call option on a stock that is currently
selling for $100. The option expires in 1 year at a strike price of $100. Suppose
that the risk-free rate is 5% and that the volatility is o = 0.15 per year. Compute
the value of the call.

Solution This is simply a matter of plugging into the formula. First, we have

1 1
= 05— =(0.15)%| ~ 0.2
dy = =0 +0.05 = (0.15)| ~ 0.2583

and
di = dy + 0/t ~ 0.2583 + 0.15 = 0.4083

Hence, with the aid of a calculator or some other means of evaluating values of
$o,1, we get

C = 100¢1(0.4083) — 100e"P ¢ 1(0.2583) =~ $8.596 |

How Black-Scholes Is Used in Practice: Volatility Smiles

The assumption that the volatility o is constant is a very unrealistic one, to say
the least. This (among other things) raises questions about the quality of the
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Black—Scholes option pricing formula. A great deal of research has been done to
determine how the Black—Scholes formula can be used in light of the
questionable assumptions about the parameters. Our intention is to very briefly
discuss one method that is used in practice.

The Volatility Smile

We have said that the volatility can be estimated using historical data. However,
in practice, the Black—Scholes formula is not used by simply plugging in an
estimate for the volatility and grinding out option prices. Instead traders usually
work with a quantity known as the implied volatility. Loosely speaking, this is
the volatility that must be used in the Black—Scholes option pricing formula in
order to make the formula reflect the actual market price at a given moment in
time.

Definition Consider a European option that has a particular market price of
M. The implied volatility of this option is the volatility that is required in the
Black—Scholes option pricing formula so that the formula gives M.O

The implied volatility is, in effect, the market’s opinion about the Black—Scholes
volatility of a stock. The implied volatility is a quantity that can be computed
from the Black—Scholes formula by numerical methods (that is, intelligent
guessing and reguessing).

As it happens, and as further evidence that the Black—Scholes formula is not
perfect, if one computes the implied volatility of otherwise identical options at
various strike prices, one gets different values. But, of course, the volatility in
the stock price does not depend on the strike price of an option.

Figure 10.5 shows a typical graph of implied volatility versus strike price.
Because of the shape of the graph, it is known as a volatility smile.

Implied
Volatility
Oh
G,y
‘ ‘ Strike
‘ ‘ Price

K, K

Figure 10.5: A volatility smile
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Now, suppose that a historical estimate of volatility for a particular stock is oj.
Then the Black—Scholes formula for this volatility gives an option price that
matches the market price for only one strike price K.

For larger strike prices K, which correspond to out-of-the-money calls and in-
the-money puts, the market price corresponds to an implied volatility o; that is
less than 0. But the Black—Scholes formula gives prices that vary directly with
the volatility. Therefore, the larger historical volatility o, produces a larger
option price in the Black—Scholes formula. In other words, when the Black—
Scholes formula is used with a volatility based on historical data, the formula
tends to overprice out-of-the-money calls and in-the-money puts relative to
market prices.

Similarly, the Black—Scholes formula tends to underprice in-the-money calls and
out-of-the-money puts relative to market prices, when used with a historical
volatility.

The Volatility Surface

To understand how the Black—Scholes formula may be used in practice, consider
Table 10.1, which shows data for a volatility surface; that is, a set of implied
volatilities for various maturity dates and strike prices. The columns represent
different strike prices expressed as a percentage of the stock price. (The data in
this table is for illustration only.)

90% | 95% | 100% | 105% | 110%
1 month | 14 13 12 113 | 144
3months | 142 | 14.1 | 13.6 | 13.8 | 14.1
6 months | 14.5 | 143 | 142 | 145 | 14.6
1 year 15.1 | 15 14.6 | 147 | 148
2 years 16.2 | 16.1 | 16 16.1 16.2

Table 10.1: Data for a volatility surface

Now, a trader who wants to price an option that has a maturity and strike price
that is not in this table can interpolate from the table to get an implied volatility.
For example, consider an option that matures in 9 months at a strike price of
95% of the stock price. A linear interpolation between the 6 month and 1 year
maturity implied volatilities gives a volatility of (14.3 4+ 15)/2 = 14.65. This
volatility can be used in the Black—Scholes formula to produce a price for the
option in question.

How Dividends Affect the Use of Black—Scholes

The Black—Scholes option pricing formula assumes that the underlying stock
does not pay a dividend. We should briefly discuss how dividends can be
handled in this context.
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First, we need a bit of background on dividends. Four dates are important with
respect to dividends. The declaration date is the date that the board of directors
declares a dividend. The record date is the date that the registrar compiles a list
of current shareholders, to whom the dividend will be paid. The key point is that
an investor must be on record as owning the stock on the record date or else he
will not receive a dividend. The payment date is the date that the dividend will
be paid.

Now, normal stock purchases take 3 days to clear. This is referred to as regular
way settlement. Thus, an owner must have purchased the stock at least 3 days
prior to the record date in order to be considered an owner of record on the
record date and hence eligible for the dividend. The first date after this date is
called the ex-dividend date. For example, if a dividend is declared as payable to
stockholders of record on a given Friday, then the New York Stock Exchange
(which sets the ex-dividend dates for its stocks) would declare the stock “ex-
dividend” as of the opening of the market on the preceding Wednesday.

We note that when the stock goes ex-dividend, typically the stock price will
decline by an amount similar to the amount of the dividend. This makes sense
from the perspective that the dividends are known in advance and are therefore
built into the stock’s price in some way.

Now, a European option on a stock that pays a dividend can be thought of as
composed of two separate processes: A risky process that represents the stock
price itself and a risk-free process that represents the cash dividend payments.
Thus, to price an option on such a stock, we first discount all of the forthcoming
dividend payments to the present. If this amount is d, then we can think of the
two components as a risky stock with initial value Sy — d and a risk-free asset
with initial value d. The Black—Scholes formula can then be applied to the risky
stock.

The Binomial Model from a Different Perspective:
It6’s Lemma

Our approach to studying the continuous-time model was as a limiting case of
the binomial model. The key was to use the martingale measure binomial models
to obtain the weak limit

y 2
Hy 2% p, = <r—"2”)t+al,\/lzt (10.1)

We want to take a few minutes now to discuss what is generally considered to be
a more rigorous direct approach to the continuous-time model. Since a formal
discussion would require considerably more mathematical machinery than we
have at hand, we will proceed informally. However, the reader may feel free to
skip this discussion without loss of continuity (no pun intended).
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Let us begin by taking a closer look at the notion of rate of return on a stock
price. This term has more than one meaning. If we write

1 Sr 1
(So) T

Sp = SpeT

then

and so the stock price grows at a continuously compounded rate of s. Thus, s is
the continuously compounded rate of return.

On the other hand, the simple rate of return of the stock price over a short
period of time [t,t + At] is given by

AS:  Spar =S

St St
In the limit as At — 0, the simple rate of return can be thought of as a rate of

return over an infinitesimal time period dt. This is more appropriately called the
instantaneous percentage return of the stock price and is denoted by

dS;
Sy
Now, the most common approach to the continuous-time model of stock prices
assumes that the instantaneous percentage return is a Brownian motion process,
more specifically, that
as,

= Mo dt —+ 09 th
S

where {W; |t 0} is standard Brownian motion and p and oy are constants.
This equation must remain somewhat vague for us, because the meanings of the
differentials dS; and dW; are rather involved. However, we can say that the

stochastic process
(&l

is assumed to follow a Brownian motion process with drift ;o and volatility oy.

The previous formula can be written
dSt = ,U/()Stdlf + 0'05,5 th
This is an instance of what is known as a stochastic differential equation, whose

formal solution requires some rather sophisticated mathematical machinery
known as stochastic calculus. Nonetheless, we can wave our hands a bit to get



The Black—Scholes Option Pricing Formula 241

some further insight into how this stochastic differential equation is used to
develop the model.

The previous equation is a special case of the equation
dSy = a(S, t) dt + b(St, t) dW;
where a(x,t) and b(x, t) are functions of two variables. In our case
a(Se,t) = poSy and  b(Si,t) = 00S;

A process {S;} that obeys the preceding equation is sometimes called an Itd
process.

Now, if f(x,t) is a function of two variables, then we may form the composition
f(Se, t), which is a stochastic process, since {S;} is a stochastic process. A
formula for the differential df can be obtained by applying a result from the
stochastic calculus known as Itd’s lemma.

Theorem 10.8 (It6’s Lemma) Let {S;} follow an Ito process
dSt = G(St, t) dt + b(St, t) th

where {W;} is standard Brownian motion and a(z,t) and b(z, t) are functions of
two variables. Let f(z,t) be a (sufficiently differentiable) function of two
variables. Then

of of 10, of
df( at 5ot 5 aogh’ At STbdW, O

In the case at hand, we have

G(St,t) = ,u()St
b(St,t) = O'oSt

and so It6’s lemma becomes

2
or 107 2Sz>dt+ afaoStth

0
df ( fNOSt+ o1 +—W 0 O

Let us now apply this formula to the function

[(z,t) =logz
In this case,
af 1 af 0% f 1
(S, t) = —, —=—(S,t)=0 and —5(S,t)=——
s o0t =50 g t) and 5250t = —5
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and we get

1 11

d(lOgSt) = (—‘U,()St — ES—tQ

1
S J%Sf)dt+ —O'Ostth
t

St
2

= (HO — %)dt + oo dW;

This says that d(log.S;) is normally distributed with mean (Mo - %g)dt and

variance o dt. It follows that the change in log S; over a period [0, ¢]; that is,
log S; — log Sy

being the sum of independent normal random variables, is also normally
distributed with mean

0'2 0'2
Z(Mo - ;)dt = (Mo - ;)t

Zagdt = Ugt

and variance

Hence,
S
H, = log(—t) = log Sy — log Sy
So
3
= | o — 7 t -+ UO\/zZt

where Z; is standard normal. Thus, we see that the stochastic differential
equation leads to the same weak limit (10.1).

Exercises

1. A stock has the initial price of $50. Over a five-day period, the stock price
at day’s end is given by $49.82, $50.02, $49.69, $49.34, $50.10. Estimate
the natural drift and volatility.

2. Consider a European call option on a stock that is currently selling for $80.
The option expires in 1 year at a strike price of $80. Suppose that the risk-
free rate is 5% and that the volatility is ¢ = 0.1 per year. Compute the value
of the call.

3. Consider a European put option on a stock that is currently selling for $50.
The option expires in 1 year at a strike price of $51. Suppose that the risk-
free rate is 4% and that the volatility is ¢ = 0.15 per year. Compute the
value of the put.

4. Prove that

Var,(X,r,) =1
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11.
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Prove that

Let X be a random variable with a lognormal distribution; that is, ¥ = log
X is normally distributed with mean a and variance b%. Show that

Q) E(X)= et

b) Var(X) = 2tV (!’ — 1)

Apply this to the random variable X = S;/.5, to deduce that

c) &:(Sy) = Spe™

d) Var,(S;) = (Spe™)? (et — 1)

Show that the function f(z)= max{K — Spe*,0} is continuous and
bounded on R.

Show that ¢o1(—t) =1 — ¢p1(t) for the standard normal distribution
function. Hint: Draw a picture using the graph of the standard normal
density function.

Show using I’Hopital’s rule that

e(r—u)AH»\/%a\/A_t 1

lim 777 = lim =p
1
T—00 At—0 eV’ VAL 1

Hint: Write x = (At)2.
Suppose we assume that there is a martingale probability measure in the
limiting case when 7" — oo and that the Fundamental Theorem of Asset

Pricing holds in this limiting case. If we denote this martingale measure by
IT then

SO — e—rtgn (St) — e—rtgn (Soeu,,t+a,, \ﬂZi)

Evaluate the last expression to show that
1
My =T — 50- v
Let Ny be the random variable representing the number of up-ticks in stock

price over the lifetime of the binomial model. Show that

S, = SQENU<10g u—logd)+Tlogd

and so

Hyr = Ny(logu —logd) + T'logd
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12.

13.

14.
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Show that

E(Hyr) = Tv(logu — logd) + Tlogd
Var(H;r) = Tv(1 — v) (logu — logd)?

Standardize the random variable I7; 7 to show that
Ht* =N, 5

Hence, the random variables H, t*,T are standardized binomial random
variables.

Using the Black—Scholes formulas, show that the values of a put and a call
increase as the volatility o increases. Looking at the profit curves for a long
put and long call, explain why this makes sense. Does the same effect obtain
for the owner of a stock?

Show that the probability that a European call with strike price K and
expiration date ¢ will expire in or at the money is

50, 0251/ ) = t(r = 02/2)
0,1 0\/2

where ¢g ; is the standard normal distribution.




Appendix A
Convexity and the Separation Theorem

In this appendix, we develop the material on convexity required for the proof of
the First Fundamental Theorem of Asset Pricing. Let us begin with some basic
facts, notation and terminology.

We use the notation («, /3) for the standard inner product in R™. The Cauchy-
Schwarz inequality states that

(e, B)] < llell1I3]]

with equality if and only if 5 = a« for some a € R. Note that this inequality
shows that for any 5 € R", the inner product function

fa(e) = (o, B)
is continuous, since o, — « implies that
|fs(on) = fa(@)| = | fa(an — )| = [(an — a, B)] < [l — ||| B]] — 0

It follows from the Riesz Representation Theorem (Theorem 7.3) that any linear
functional on R” is continuous. It also follows that the norm function

fla) = lla]]
is continuous on R™.
Ifao € R"and S C R", we write
(a, S) = {{a,0) | o €S}
and write
(0, 8) < b
to mean that (o, ) < bforall o € S.

An affine subspace of R" is a set of the form 3+ S where S is a subspace of
R". The affine subspace 3 + S' is nontrivial if S # {0}.

S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 245
Undergraduate Texts in Mathematics, DOI 10.1007/978-1-4614-3582-2,
© Steven Roman 2012
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If C CR", we say that o € C' is a smallest member of C' if the distance ||«||
from « to the origin satisfies

[l < [l

for all x € C. Note that a set can have more than one smallest element.

The set

R} = {(x1,...,zn) | 2 0}

is called the nonnegative orthant in R™ and the set

RTJLrJr: {(xlw‘wxn) | T >0}

is called the positive orthant in R".

Convex, Closed and Compact Sets

We shall need the following concepts.

Definition Let X C R".

)

2)

3)

4)

5)

Let x1,...,x; € R". A linear combination of the form
hixy + - + Ly,
where
tLh+--+t=1 and 0<t; <1

is called a convex combination of the vectors x4, ..., xy.
X is convex if whenever x,y € X, the line segment between x and y also
lies in X, in symbols,

zyeX = {sz+ty|s+t=10<s5t<1}CX
X is a cone if X is nonempty and
zeX, a>0 = areX

X is closed if whenever (x,,) is a sequence in X that converges in R", then
the limit is in X.
X is compact if it is both closed and bounded. [

Example A.1 We leave it as an exercise to show that the nonnegative orthant R}
is a closed, convex cone.[]

We will also have need of the following facts from analysis.

1)

A continuous function that is defined on a compact set X in R" takes on its
maximum and minimum values at some points within the set X.
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2) A subset X of R” is compact if and only if every sequence in X has a
subsequence that converges in X.

Theorem A.1 Let X and Y be subsets of R™ and let
X+Y={a+blacX,beY}

1) If X andY are convex, then sois X + Y.

2) If X is compact and Y is closed, then X + Y is closed. However, the sum
of two closed sets need not be closed.

3) Any subspace S of R" is closed and convex.

4) As to smallest points, a nonempty convex subset C' of R™ has at most one
smallest point and a nonempty closed convex subset C' of R" has exactly
one smallest point.

Proof. We leave proof of part 1) to the reader. For part 2), a sequence in X + Y

has the form (a, + b,), where a, € X and b, € Y for all n =0,1,2.... We

must show that if (a, +b,) — ¢, then ¢ € X + Y. Since X is compact, the

sequence (a,) has a convergent subsequence (a,, ) whose limit « lies in X.

Since a,, + b,, — ¢ and a,, — «, we can conclude that b,, — ¢ — «. But Y is

closedand soc —a € Y, whence ¢ = a + (¢ — a) € X + Y, as desired.

For the second statement in part 2), let
X={n+1/n|n 1} and Y={-n|n 1}
which are both closed. Then {1/n} C X +Y but0 ¢ X +Y and so X + Y is

not closed.

For part 3), it is clear that a subspace of R™ must be convex. To show that it is
closed, extend an orthonormal basis {u1,...,u;} for S to an orthonormal basis
{u1, ..., up,v1, ..., 0y} for R™. If z,, € S, then

k
Tn = E A, ;U
i=1

Suppose that (z,) — y, where
k m
Y= Zciui + Zdivi
=1 =1
Then
k m
2 2 2
jon = y* =Y lans — i’ + ) |dil
=1 =1

and so |d;|* < |z, — y|* for all i and since (z,,) — y, it follows that d; = 0 for
all 7. Hence, y € S.
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For part 4), if 0 € C, then it is clearly the unique smallest point of C', so assume
that 0 ¢ C'. For purposes of contradiction, assume that o and [ are distinct
smallest points of C' and let v = (a4 [3)/2 € C. Since « is not a scalar multiple
of /3, the Cauchy—Schwarz inequality gives

4ly11* = lla+ )
= llall* + 2(a, B) + 1I5]?

= 2lla]l” + 2(a, B)
< 2[jelf” + 2[|e 118
= 4o’

and so ||v|| < ||«

, which contradicts the choice of « as a smallest point of C'.

For the second part, assume that C' is closed and the norm function
d(z) = |||

on (' is continuous. Although C' need not be compact, if we choose a real
number 7 large enough so that the closed ball B.(0) = {z € R" | ||z|| < r} of
radius r about the origin intersects C' nontrivially, that is,

CNB(0)#£0

then C'N B,(0) is nonempty, closed and bounded and so is compact. The
distance function d therefore achieves its minimum at a point o € C'N B,(0),
which is also a smallest point of C'.0

Convex Hulls

We will have use for the notion of a convex hull.

Definition The convex hull of a set S = {z1,...,x} of vectors in R" is the
smallest convex set in R"™ that contains the vectors x, ..., x;. We denote the
convex hull of S by C(S). O

The convex hull is easily characterized as follows.
Theorem A.2 If S = {xy,..., a1} C R", then the convex hull C(S) is the set
A= {t1$1+"'+tk$k ‘0 <t < 1vzti = 1}

of all convex combinations of vectors in S.

Proof. We leave it to the reader to show that A is convex. Since z; € A for all 7,
the definition of C(.S) implies that C(S) C A. For the reverse inclusion, we must
show that if D is convex and S C D, then A C D. Note that D contains all
convex combinations of any two vectors in S. For a convex combination
ti1x1 + taxa + ta3xs of three vectors in S, we can write
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to ts
r = tll‘l —+ tQIQ —+ t3$3 = tllﬁl + (tQ —+ t3) (tg + t3$2 —+ tg + t3l‘3)
= tixy + (t2 +t3)y

where y is defined as the expression in parentheses above. But y is a convex
combination of x» and x5 and so y € D . Then x is a convex combination of x;
and y and so x € D. Thus, any convex combination of three vectors in S is in D.
An inductive argument along these lines, which we leave as an exercise, can be
used to furnish a complete proof that any convex combination of vectors in S’ is
in D; thatis, A C D. O

Linear and Affine Hyperplanes

A linear hyperplane in R” is an (n — 1)-dimensional subspace of R™. As such,
it is the solution set of a linear equation of the form

a1x1+ -+ apz, =0
or
(o, ) =0

where « = (ai,...,a,) is nonzero and z = (z1,...,x,). Geometrically
speaking, this is the set of all vectors in R" that are orthogonal to the nonzero
vector a.

An (affine) hyperplane is a linear hyperplane that has been translated by a
vector 3 = (b1, ..., by,). Thus, it is the solution set to an equation of the form

@,z — ) =0
or equivalently,
(o, 2) = (e, B)
Letting b = («, 3), we can write a hyperplane in the form
H(a,b) = {z € R" | (o, z) = b}

where o« € R" and b € R.

Also, it is clear that, by dividing both sides by ||c|| and multiplying both sides by
—1 if necessary, all hyperplanes have the form H(a,b) where ||af| =1 and
b 0.In this case, bao € H(a, b) and so for any x € H(a, b), we have

(x — ba,ba) = (x,ba) — (ba,ba) = b* —b* =0

Hence, the Pythagorean Theorem gives



250 Introduction to the Mathematics of Finance

2 2 2
[l = bal|” + [lba]|” = [l]|

which implies that ba is the unique element of H(«a, b) of smallest norm.

We can now catalog all hyperplanes as follows. The linear hyperplanes are

uniquely cataloged by H(a,0) as « ranges over all unit vectors. Hyperplanes

that do not pass through the origin are uniquely cataloged by their unique
smallest member « as

A hyperplane divides R" into two closed half-spaces
H (a,b) = {z €R" | {a,z) b}
Hﬁ(avb) - {iC eR" ‘ <a7:c> < b}
where H<(«, b) contains the origin. The corresponding open half-spaces are
Ho(a,b) ={z € R" | (o, ) > b}
Ho(a,b) = {z € R" | (o, z) < b}

It seems intuitively clear that if a nontrivial affine subspace 3 + S' is contained
within a half-space H- (a,b), then S must be parallel to the bounding plane
H(c, b) of the half-space. To prove this, the containment 5+ S C H- (a,b) is
equivalent to the condition

(a, f+5)>b
and so for all nonzero s € S and all real numbers a,
(a, B) + ala, s) = (o, S+ as) > b
But this can happen only if («, s) = 0 and so
al S
A similar argument holds for the other open half-space H (a, b) and for the two

closed half-spaces.

Theorem A.3 If a nontrivial affine subspace 3+ S of R™ lies in either open or
closed half-space determined by a hyperplane H(c, b), then

allS O

Separation

Now that we have the preliminaries out of the way, we can turn to the main issue
of separation.
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Definition Two nonempty subsets X and 'Y of R™ are completely separated by
a hyperplane H(a,b) if X lies in one open half-space determined by H(a,b)
and Y lies in the other; that is, if

(a, X) <b< {a,Y) or (,Y)<b< {(a,X) O
The following simple result is key to separation theorems.

Theorem A.4 As shown in Figure A.1, if § € R"™ lies in the open half-space
H(a, ||c||*) containing the origin; that is, if

(@, ) < [lal”

then there is a point on the open line segment from « to [3 that is closer to the
origin than o.
Proof. For any ¢t € R,

11 =)o+ 1]
= (1= 0lal* + 26(1 = £){B3, o) + 7] 5]
= (1817 + llall® = 2(8, a))e* + 2((5, @) — l|a|*)t + ||

This is less than [|a||” if and only if
(BI7 + llal* = 2(8, @)t +2((8, @) — [l *)t < O

But (3,a) — ||a||* < 0 and so if ¢ is a small enough positive number, then this
inequality does hold.[J

H
\ 3
tB+(1-t)o
p
Figure A.1

We can now state our first separation theorem, which is the basis for other
separation theorems.

Theorem A.5

1) Let C' be a convex subset of R" that has a nonzero unique smallest point
o € C. Then C lies in the closed half-space H (a,||c||*) and so C' and 0
are completely separated by the hyperplane H(ov/2, ||a/2|).
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2) In particular, part 1) applies to nonempty closed, convex subsets C' of R™
that do not contain the origin.

Proof. Part 1) follows immediately from Theorem A.4, since if 3 € C lies in the

open half-space H (v, ||]|*), then there is a point on the line segment from /3 to

« that is closer to the origin then «. However, the convexity of C and the

minimality of ||er|| implies that this cannot happen and so C' C H (a, [|a|?).

Part 2) follows from Theorem A.1.]

We next consider separating compact convex subsets from subspaces.

Theorem A.6 Let C' be a compact convex subset of R"and let S be a subspace
of R" such that C' N S = (. Then there is a nonzero oo € R™ for which

alS and (a,C)> H04||2

Hence, the hyperplane H(«, Ha||2) completely separates S and C.
Proof. The set

A=5+C

is closed and convex and 0 ¢ A since C'N S = (. Hence, Theorem A.5 implies
that there exists a hyperplane H(a, ||a||*) for a # 0 that completely separates A
from 0; that is, AC H-(a,|laf?). Since C C A, it follows that
C C Holey |lal?), whence (a,C) > [|of. Furthermore, since
¢+ S C H-(a,]||o|) for any ¢ € C', Theorem A.3 implies that S | «.[]

Now we come to our main goal, at least with respect to proving the First
Fundamental Theorem of Asset Pricing.

Theorem A.7 Let S be a subspace of R™ that intersects the nonnegative orthant
R trivially; that is, SNR? = {0}. Then St contains a strongly positive
vector.

Proof. We would like to separate S from something, but we cannot separate it
from R". Consider instead the convex hull A of the standard basis vectors
€1y..., 6, iINRY

A:{t161++tn€n|0§t2§1,2tzzl}

(In R?, this is the closed line segment from (0, 1) to (1,0) and in R, this is the
triangle with vertices (1,0,0), (0,1,0) and (0,0,1).) It is clear that
A CR%T\ {0} and so AN S = 0. Also, A is convex and closed and bounded
and therefore compact. Hence, Theorem A.6 implies that there is a nonzero
vector @ = (ay, ... ,a,) such that

al S and (a,A)> ||l

In particular, since ¢; € A for all 7, we have
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a; = {a,¢;) > [la* > 0

and so « is strongly positive, as desired.
The following theorem is an analog to Theorem A.7 for strictly positive vectors.

Theorem A.8 Let S be a subspace of R" for which S NR™, = (. Then S+
contains a strictly positive vector.

Proof. First note that S contains a strictly positive vector « if and only if it
contains a strictly positive vector whose coordinates sum to 1. (Just divide o by
the sum of its coordinates.)

Let B={By,..., B;} be a basis for S and consider the matrix
M = (By| By |- | Bg)

whose columns are the basis vectors in 5. Let the rows of M be denoted by
Ry, ..., Rn,. Note that R; € R¥, where k = dim(9).

Now, a = (ai,...,a,) € S* if and only if (a, B;) =0 for all i, which is
equivalent to the matrix equation

aM =0
or the vector equation
aRi+ - +a,R, =0
Hence, St contains a strictly positive vector « = (ai,...,a,) whose
coordinates sum to 1 if and only if this equation holds for coefficients a; 0

satisfying ¥a; = 1. In other words, S contains a strictly positive vector if and
only if 0 is contained in the convex hull C' of the vectors Ry, ..., R,, in R¥.

Now, for the purposes of contradiction, let us assume that 0 ¢ C'. Since C' is
closed and convex, Theorem A.5 implies that there is a nonzero vector
B = (by,...,b) € RF for which

(B,C) > 1BI” >0
Now, consider the vector
v=0B1+--+bB,eS
If we denote the jth coordinate of R; by R; j, then the ith coordinate of v is

(v,€;) = b1(B1,€) + - + bp(Br, )
=biRi1+ -+ bR
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and so v € S NR" ., which is a contradiction. Hence, 0 € C' and so S contains

a strictly positive vector. [J



Appendix B
Closed, Convex Cones

In this appendix, we use the notation of Chapter 7.

Our goal in this appendix is to derive the mathematics necessary to prove that for
any vector W € R™, the minimum dominating price of W is equal to the
maximum extension price of W,

P =min{Z(X) | X € Dy} = max{f(W) | f € € o(T)}

where 7 is the initial pricing functional, Dy is the set of all attainable vectors
that dominate W and £ ((Z) is the set of all nonnegative extensions of Z. We
will also prove that there is an extension f € £.9(W) and a dominating vector
Y € Dy for which

We begin by proving that
—oo<max{f(W) | fe& o(D)} <min{Z(X)| X € Dw} <0 (B.1)

Indeed, since £ ((Z) and Dy are nonempty, the first and last inequalities hold.
As to the middle inequality, if X € Dy and f € £ ((Z), then W < X implies
that

W) < J(X) = Z(X)
Taking the maximum over all nonnegative extensions gives
max{f(W) | f € £ o(Z)} < Z(X)
and taking the minimum over all elements X € Dy gives
max{f(W) | fe€& o(Z2)} <min{Z(X)| X € Dy}

In order to prove the reverse inequality, we need some additional background.

S. Roman, Introduction to the Mathematics of Finance: Arbitrage and Option Pricing, 255
Undergraduate Texts in Mathematics, DOI 10.1007/978-1-4614-3582-2,
© Steven Roman 2012
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Closed, Convex Cones

Closed, convex cones in R™ play a key role in our discussion. A closed, convex
cone K in R? has the form shown in Figure B.1.

Figure B.1

It is not hard to see that K is equal to the intersection of all closed half-spaces of
the form H («,0) that contain K. (Half-spaces are discussed in Appendix A.)
Put another way, a vector X € R? is in K if and only if X is in every closed
half-space H («,0) containing K. This is also true in higher dimensions. We
remind the reader that the inequality (o, ) 0 means that (o, K') 0 for all
Keck.

Theorem B.1 If K is a closed, convex cone in R", then the following are
equivalent for any X € R":

) Xek
2) Foralla € R,
(a, ) 0 = (a,X) O

Thus, K is the intersection of all half-spaces containing K.

Proof. To see that 1) implies 2), if X € K, then (o, ) 0 certainly implies
(a, X) 0. For the converse, suppose that 1) does not hold; that is, suppose that
X ¢ K. Then the set

K-X={K-X|Kek}

is closed and convex but does not contain the origin and so Theorem A.5 implies
that there is an o € R" for which

(a, K= X) >0
that is,
(a, ) > (e, X)

Note that 0 € IC implies that (o, X) < 0. Then it cannot be the case that
(o, K) < 0 for any K € K, since K € K implies that K € K foralla 0 and
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S0
0> alo, K) > (o, X)

which is false if a is sufficiently large. Thus, (a, ) 0 and («, X') < 0, which
says that 2) does not hold. Thus, 2) implies 1). [J

We leave it to the reader to prove that the nonnegative orthant R™" is a closed,
convex cone. In fact, so is any linear image of R. In particular, if A is an
n x m real matrix, then multiplication by A is a linear operator from R™ to R”
and its image A(R'") is a closed, convex cone in R™.

Theorem B.2 If A is an n x m real matrix, then A(RT) is a closed, convex
cone in R™.

Proof. The theorem is certainly true for the zero matrix, so we may assume that
A # 0. If the columns of A are

A={A,...,An}

K(A) — {i.’L’ZAZ xX; O}

We leave it to the reader to show that /& (.A) is a convex cone. To see that K (A)
is closed, suppose that X; € K(A) and that X; — Y. We must show that
Y e K(A).

then A(R'") is the set

Suppose first that the vectors in A are linearly independent and extend A to a
basis for R”, say

B={A,....,An, Ani1,..., An}
Hence, we may write
Xi=xp1 A1+ -+ Tpndn
where z;.; 0 and z,; = 0 for ¢ > m. Also,
Y=yidi+-+uyn Ay

for y; € R. Let {61,...,6,} be the dual basis for B; that is, 6;: R™ — R is the
linear functional defined by

1 ifj=k
s ={g b

0 otherwise

Since each §; is continuous (this issue is discussed in Appendix A), we have

6:i(Xy) — 6:(Y)
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forall 1 < ¢ < n;thatis,
Tri — Yi

Butzy; Oforall kandiandsoy; O forall 4. Also, x; = 0 for all k and all
i>mandsoy; =0 fori>m.Hence, Y € K(A).

Next, we consider the case where the vectors in A are not linearly independent.
We will show that for each X € K (A), there is a linearly independent subset
Ax of A for which X € K(Ax).

Suppose for a moment that this has been proved. Then X, € K(Ay,), where
Azx, is a linearly independent subset of .4. But there are only a finite number of
linearly independent subsets of .4 and so there is some linearly independent
subset A" of A for which there is an infinite subsequence {Xj} of {X;}
satisfying Xy, € K(A’) for all k;. Since X, — Y, the first part of this proof
shows that Y € K (A’) C K (A), as desired.

Thus, we are left with proving that for each X € K (A), there is a linearly
independent subset Ax of A for which X € K(Ax). Among all nonempty
subsets B C A, choose a smallest subset 5 for which X € K (B). By reindexing
if necessary, we may assume that 8 = {4,..., A,} with p < m and that

XVZZID41+*“'#*IpAp

where x; > 0 for all . We will show that B is linearly independent. Suppose to
the contrary that there exist coefficients a;, not all 0, for which

ap41+~~~+apAp::O
We may also assume that at least one a; is positive, say a,, > 0. Writing
1
Ay= == ap4;
auk%u
and substituting gives
L x
X = Ay = - Zay | A
k=1 k#u

We want to find an a, > 0 for which each of these coefficients is nonnegative
since then

X € K(B\ {A.})

and this contradicts the minimality of 5, thus proving that B is linearly
independent.
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Now, if a; = 0, then the coefficient is z;; 0. On the other hand, if aj; # 0, then
we can write the kth coefficient in the form

o T Ty
Cp, =ap|{ — — —
ay Ay

If ar, <0, then zx/ar < 0 and x,/a, <0 and so ¢, 0. For those a; > 0, we
need

T Ty

a ay
and so this guides our choice of w. In particular, among all quotients xj,/ay, with

ay > 0, simply choose u so that x,/a, is smallest. Thus, B is linearly
independent and the proof is complete.[]

Farkas’ Lemma

An extremely important application of Theorem B.2 is to the issue of
determining when a system of linear equations

AX =B

has a nonnegative solution X 0, which is a problem of obvious importance.
Indeed, this system has a nonnegative solution X 0 if and only if B is in the
image A(R'?) of the nonnegative orthant R”’. Furthermore, since A(RT) is a
closed, convex cone in R", Theorem B.1 implies that the system has a
nonnegative solution if and only if

(0, ART)) 0 = (aoB) 0
for all & € R". Now, if the columns of A are Ay, ..., Ay, then (o, A(RT)) 0
if and only if (v, A;) 0 for all 4; that is, if and only if o' A 0, where o is the

transpose of «.. (We are writing our vectors as columns, so o' is a row vector.)
This important result is called Farkas’ lemma.

Theorem B.3 (Farkas’ Lemma) Let A be an n X m real matrix and let
B € R"™. The system

AX =B
has a nonnegative solution X if and only if for all o € R",

oA 0 = oB 0 (|

A commonly seen equivalent formulation of Farkas’ lemma is the following,
called a theorem of the alternative since it says that exactly one of two
statements must hold.

Theorem B.4 (Farkas’ Lemma) Let A be an n X m real matrix and let
B € R™. Exactly one of the following holds:
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a) The system
AX =B

has a nonnegative solution.
b) Thereis an o € R" for which o' A 0 and o B < 0.
Proof. Note that the negation of the implication in the first version of Farkas’
lemma is statement b) above and 2a) and 2b) are mutually exclusive.[]

In some cases, we wish to know if a subspace S of R™ contains a nonnegative

solution to the system AX = B; that is, if the set
Kip(S)={XeS|AX=B,X 0}

is nonempty. To see how Farkas’ lemma applies, let Z = {Z1,...,Z;} be a

basis for the orthogonal complement St of S. Then X € S if and only if
(X, Z;) = 0 for all 4; that is, if and only if

NX =0
where

7
N=| 2
7
is the k x m matrix whose rows are the vectors in Z.

Thus, X € K4 g(S) if and only if X is a nonnegative solution to the expanded

(-2

Farkas’ lemma now gives the following.

Theorem B.5 Let A be an n x m real matrix and let B € R". Let S be a
subspace of R™, let Z ={Zy,...,Z;} be a basis for the orthogonal
complement S*+ and let

A
N = Zf
2y
be the k x m matrix whose rows are the vectors in Z. Then exactly one of the
following holds:
1) Kap(S) is nonempty; that is, the system AX = B has a nonnegative
solution in S.
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2) Thereisan o = (Zl) € R"* with aq € R" and o € R¥ for which
2

(o ag)(f[) 0 and o/B<0
that is,

dflA+abN 0 and o/B<0 O

An Optimization Problem

Let A be an n x m real matrix and let S be a subspace of R™. As before, let
Z ={7Z,...,Zx} be abasis for the orthogonal complement S* and let

Z1
N = Zf
Z

be the & < m matrix whose rows are the vectors in Z. We have seen that the set

(%)@

is a closed, convex cone in R". Therefore, if B, — B in R™ and if each of the

systems
AN, (B

has a nonnegative solution X}, it follows that the system

(v)x=(7)

also has a nonnegative solution. Now suppose that

A B
A_<a) and Bk—(bk>

where « is the last row of A and by, is the last coordinate of Bj. Then the system
(B.2) can be written in the form

(%)<= (%)
(a, X) = by

In fact, if f:R™ — R is the linear functional whose Riesz vector is «, then (B.2)
can be written in the form
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(5= (8

(X
Thus, if for each £ 0, there is a nonnegative solution X}, to this system and if
b — b, then there is also a nonnegative solution to the system

A B
()= (%)
fX)=0b
Now we can pose our optimization problem. Suppose that the set

KA/7B/(S) = {X S ‘ AX = B/,X 0}

is nonempty and that f is bounded from below on K 4 p(S); that is,
b=min{f(X) | X € Ky p(S)} > —o0

Then there is a sequence X, € K 4 p(S) for which

b = f(Xk) = b
Hence, the system
/ /
(v)x-(%)
f(X)=b
also has a nonnegative solution; that is, the system
AX=D
f(X)=0

has a solution in K 4 p(S). In other words, there is an element X € K4 5 /(S) at
which f takes its minimum value on K 4 p/(S). A similar statement can be made
for the maximum value of f on K4 (S).

Theorem B.6 Let A be an n x m real matrix, let B € R" and let S be a
subspace of R™. Suppose that the set

Kip(S)={X €S| AX =B,X 0}

is nonempty. Let [ be a linear functional on R".
1) If f is bounded from below on K 4 g(S); that is, if

b=min{f(X)| X € K45(S)} > —o0

then the system
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AX =B
f(X)=0b
has a nonnegative solution in S. In other words, there is an element
Y € K4 p(S) for which

S(Y) =min{f(X) [ X € K45(5)}
=min{f(X) | AX=B,XeS X 0}

2) If f is bounded from above on K 4 g(S); that is, if
b=max{f(X)| X € Kap(S)} <o

then the system
AX =B
f(X)=b

has a nonnegative solution in S. In other words, there is an element
Y € K4 p(S) for which

JY) = max{f(X) | X € K4a5(S)}
=max{f(X)| AX=B,XeS& X 0}

In this context, the linear functional f to be maximized or minimized is called
the objective function and the set K 4 5(S) over which the objective function is
to be optimized is called the feasible region. This theorem states that the
optimal value (maximum or minimum) is achieved within the feasible region.[]

The Main Result

Now we are ready to address the main purpose of this appendix. We use the
notation of Chapter 7. In particular, M is a discrete-time model, M is the
subspace of all attainable vectors in R™, 7 is the initial pricing linear functional
on M, W is a nonattainable vector and

Dy ={XeM|X W}

is the set of attainable dominating vectors for . Also, £ (Z) is the set of all
nonnegative extensions of 7 to R™.

To deal with the fact that an element of M need not be nonnegative, we have the
following lemma.

Lemma B.7 Let S be a subspace of R™ that contains a strongly positive vector.
Then any vector in S can be written as the difference of two nonnegative vectors
inS.

Proof. Let X € 9, let By,..., By, be a basis for S consisting of strongly positive
vectors and let X = Yx;B;. Write
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Y = inBi and Z = leBi

i:x; >0 1:x;<0
Then Y and —Z are nonnegative in S and X =Y — (—%).00
Thus, in view of Theorem 7.7, any vector in M can be written as the difference
of two nonnegative vectors in M.
The Minimum Dominating Price Is Attained

(For convenience, we will write elements of R™ as either row vectors or column
vectors.) We wish to show using Theorem B.6 that there is a Y € Dy for which

Z(Y) =min{Z(X) | X € Dy}
The feasible set is
Dw={XeM|X W}
but in order to apply Theorem B.6, we need a feasible set of the form
Kip(S)={XeS|AX=B,X 0}

where A is a matrix. But in view of Lemma B.7, we can write each X € Dy in
the form X = U — V for nonnegative U,V € M. Moreover, the fact that
X W can be expressed by saying that there exists a nonnegative Z for which

W=X-2=U-V-Z
This leads us to consider the feasible set
Kyw={U,V,Z)e MxMxR"|U-V-Z=W,U,V,Z) 0}
which does have the form K 4 (S) for
A=, —1In —1,) and B=W

Note that for each (U,V, Z) € K w, we have X = U — V' € Dy and for each
X € Dw, there is at least one triple (U,V,Z) € K4 for which X =U - V.
Put another way, the function ¢: K 4w — Dw defined by

is surjective. In particular, K 4 is nonempty.

As to linear functionals, the objective function Z is defined on Dy, but we can
define a corresponding linear functional Z' on K 4 v by
(U, V,Z)=Z(U -V)

for (U,V,Z) € Kaw. It follows that the image of 7' is the same as the image
of Z, in symbols,
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{I(X) | X eDw}={T'(U,V,2) | (U,V,Z) € Kaw}
Hence, (B.1) implies that
—oo <min{Z(X) | X € Dy} =min{Z'(U,V,Z) | (U,V,Z) € Kaw}

But Theorem B.6 implies that the latter is taken on by an element (U’, V', Z');
that is,

7'U\WV,Z) =min{Z'(U,V,Z) | (U,V,Z) € Kaw}
andsoif Y = U’ — V’, then
Z(Y) =min{Z(X) | X € Dw}
Theorem B.8 Let W € R™ be an alternative. Then there is a’Y € Dy for which
Z(Y) =min{Z(X) | X € Dw} O

The Maximum Extension Price Is Attained

The reader may wish to reread the discussion of the Riesz Representation
Theorem (Theorem 7.3) before proceeding.

We wish to show next that there is a g € £s.(Z) for which
g(W) =max{f(W) | fe& (1)}

On the surface, this does not look like it will fit the pattern of Theorem B.6,
since we are maximizing over a collection of linear functionals. However, the
Riesz bijection

R(f) = Y5

of Theorem 7.3 shows that we can work with the vectors in R™, thinking of them
as Riesz vectors. We want to translate the problem at hand into the language of
Riesz vectors. Let { Ay, ..., A} be a basis for M.

Now, a linear functional f is an extension of Z if and only if
f(4i) =I(4A)
foralli =1,...,k or in terms of Riesz vectors,
(Ai, Yp) = T(A:)

forall i = 1, ..., k. Put another way, if
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A Z(4A)
A= /%2 and B = I({h)
A T(Ax)

then this is equivalent to the system
AY; =B
Furthermore, f 0 if and only if Y; 0. Hence, the image of the set £ (Z)
under the Riesz map is the set
Kip={Y; eR"| AY; =B, X 0}
where Y7 represents any vector in R™. In other words, the correspondence
feY;
is a bijection between £ (Z) and K 4 p. In particular, K 4 p is nonempty.
Now, we want to maximize f(WW) over f € £ (Z). To rephrase this in terms of
Riesz vectors, define the map ey : R™ — R by
ew(Yy) = f(W)

for all Riesz vectors Yy € R™ (that is, for all vectors in R™). Then maximizing
f(W) over all fe& (Z) is equivalent to maximizing ey (Yy) over all
Y € K, p; that is,

oo >max{f(W) | f €& (I)} = max{ew (Yy) | Yy € Kan}
Hence, Theorem B.6 implies that there is a Y, € R™ for which
ew (Yy) = max{ew (Yy) | Yy € Ky 5}
and so
gW) =max{f(W) | fe& (1)}

Theorem B.9 Let W € R™ be an alternative. Then there is a g € £ (I) for
which

gW) =max{f(W) | f €& (I)} o
The Minimum Dominating Price Equals the Maximum Extension
Price

We can now show that the minimum dominating price, which can be expressed
as
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pw =min{Z(U - V) | (U,V,Z) € Kaw}
with
Kaw ={(U,V,Z2) E MX MxR"| AUV 2 =W,(U,V,Z) 0}

where A = (I, —I,, —I,,) is equal to the maximum extension price

ow =ma{f(W)| f €€ (T)}
We have already seen that

ow < pw
Let N be the matrix for which
M={XeR"|NX =0}
If we show that there is an element (U, V', Z) in K 4 for which
ZU -V)=o0ow

then

ow <pw <Z(U -V)=o0w

and so oy = uw, as desired. To this end, let A’ be the matrix defined by

Iy —Ln —In
, N0 0
=10y N 0
Yy -Yr 0

where Y7 is the Riesz vector for Z. This matrix has m + 2k + 1 rows and 3m
columns, where k = dim(./\/li). We also let

w

Then

uv-v-Z72
NU
NV

U -V)

A/

NS
\

We want to know if there is a nonnegative solution to the system
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U
AlV =B
Z
that is,
U-V -7 w
NU _ 0
NV o 0
(U -V) ow

since then (U,V,Z) € Kyw and Z(U — V') = ow, as desired.

To this end, we use Theorem B.5. Suppose there is an
a=(a,ar,ay,f) ER™ x RF x RF x R
for which
(ol o, B)A" 0 (B.3)
We must show that (o, of, ab, 8)B 0 that is,
oW+ fBow 0 (B.4)
IfA=(U,V,Z) e R™x R™x R™ is nonnegative, then (B.3) implies that

U
(o' 0y, a5, ) A V|0
Z

that is,
Uu-v -7
(afatp)| N 0
U -V)
Now, we take some special cases. First, for A = (0,0, Z) where Z 0, we get
—a!Z 0

for all Z 0. Second, for any X € M that has the form X = U — V with
U,V € M nonnegative, we get for A = (U, V,0),

o' X+ BI(X) 0
Since this holds for all X € M, it holds for all —X € M and so
o' X + BI(X)=0
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Finally, any X € Dy has the foom X =U —V where U,V € M are
nonnegative and so for A = (U,V,Z) € K, w, we get

o'W+ BI(X) 0

Let us summarize:

1) —a'Z OforalZ 0
2) !X+ BZ(X)=0foral X € M
3) o'W+ BZ(X) Oforall X € Dy.

Now, if 8 < 0, then for all X € Dy,
ow < pw < Z(X)
implies that 5Z(X) < Sow and so 3) gives
0 < o'W+ BZ(X) < o'W + Bow
which gives (B.4), as desired.

On the other hand, if § > 0, then 2) gives
1

I(X)=—=(a, X
(X) /3< )
and so the linear functional f,: R™ — R defined by
1
fa(X) = —E<a,X>

is an extension of Z. Moreover, 1) implies that f is nonnegative and so
f €& (Z). It follows that
1 1

ow [(W)= _B<Q’W> = —BatW

which is also (B.4). This completes the proof that uy = oy .
We can now summarize.

Theorem B.10 Let W € R™ be an alternative.
1) ThereisaY € Dy for which

I(Y) = Uw = mln{I(X) ‘ X e Dw}
2) Thereisag < & (Z) for which
gW) = ow = max{f(W) [ f € € (T)}
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3) The minimum dominating price of W is equal to the maximum extension
price of W that is,

Uw = ow O
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Chapter 1

3. 20100 — 20105 — 0.50150 + 0.50170
4. The cost C of the call with the smaller strike price is more than the cost Cs

of the call with the higher strike price. The profit curve is shown below.
Profit

Stock
Price

Chapter 2
1. Westill have

V(long contract) = St — Fyr
V(short contract) = For — St

but the cash-and-carry investor has a final payoff of
V(cash-and-carry) = Sy — Spe™” + Ie™
and
V(reverse cash-and-carry) = Spe’? — Sp — Ie'™”

To explain the last term, note that the short sale of an asset requires a lender
to lend that asset. This lender will demand the return of not only the asset
itself, but also the income that would have come to the lender by virtue of
owning the asset. The two strategies now have payoffs as follows:

V(long contract) + V(reverse cash-and-carry) = Spe™ — Fyr — Ie'”

and
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V(short contract) + V(cash-and-carry) = Fyr — Spe™ + Te™”
Setting the final payoffs to 0 gives
FO,T = (SO — I)erT

3. If not then buy the share, sell the call and pocket the difference. Use the
share to cover the call if and when it is exercised.

7. Consider two portfolios. Portfolio A is one put. Portfolio B is Ke™™" + dj
in cash and a short share of stock. Then

Vao=P and Vo= Ke ™ +dy— 5,
and
Var=(K—-Sr)" and Vpr= K +doe — Sp —doe’" = K — St

Since Va7 Vpr,itfollowsthat V4o  Vpy.

Chapter 3

1. 1/2

3. 5/12,9/12,7/12
5. 1/3,1/6,1/3,1/2
7. 11/16

9. 0.28:0.55:0.6

13. 1/2; yes.

15. 25/13 cents. Yes.
Chapter 4

5. The linearity of conditional expectation implies that for any By, € Py,

E(Xpy1 + Yy | Be) = E(Xpr1 | Br) + E(Ygra | Br)
= Xi(By) + Yi(Bs)
=0

and so the local martingale condition holds for X 4 Y.
7. For part a), since M is a martingale, we have

EMpsa | Pe) = E(My | Pr) = E(Mpsa | Pr) = M =0
and since A is predictable,
E(Ak1 | Pr) = E(Ak | Pr) = Appr — Ay
and so taking conditional expectation gives
E(Xpv1 | Pr) = Xk = A1 — Ay

Now we sum fromk =0to k =n — 1 to get
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H

n—

n—1
(Ak+1 - Ak Z Xk+1 ‘ Pk )
k=0 k=0

The left side is telescoping and since A9 = 0, we get
An =) (E(Xps1 [ Pr) — Xi)

Then we can set M,, = X,, — A,,. It follows that

7
L

(An | Pn—l) = g(g(XkH ‘ Pk) — Xy | Pn—l)

=0
n—1

=Y (EXpi1 | Pe) = E(Xi | Pacs))
=0
n—1

= (E(Xpsr | Pr) — Xi)
=0

and so A is indeed predictable. Moreover,

E(Mp | Pno1) = E(Xy | Paor) — Ay

=E(Xy | Poo1) = ) (E( Xkt | Pr) — Xi)

3
—

k=0
n—2
=X,1- Z(E(Xkﬂ | Pk) - Xk)
k=0
=Xn1- An—l

= n—1

and so M is a martingale.

For part b), suppose that X is a supermartingale. Then
Mk — Ak =
E(Xk+1 | Pk)
= E(Mps1 | Pi) = E(Apsr | Pr)
= My — Apia
and so Ay, < Aji1. The case for submartingales is proved similarly.

Chapter 5

273

1. Consider a model with just one time interval [to,¢;] and two risky assets as

and as. Assume that ) = {w;, w-} and let the prices be
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2 forw=uw;
0 forw = ws

Sop =1, Sip(w) = {

and

0 forw=uw;
3 forw = ws

Soz =1, Sizw)= {
Then neither asset by itself can form an arbitrage opportunity but the trading
strategy ¢ defined by
©,=1(0,1.5,1)
has values (we assume that the risk-free rate is 0)

3 forw=uw;
3 forw = ws

Vo(®) =25 and Vi(®) = {

and so @ is an arbitrage trading strategy.
3. The system of equations is

- &

&
Sy

or, since the price of the risk-free asset a; is 1

0s1(w1) + Sz2(w1)b32(wr) = 100
0s1(w2) + S32(w2)b32(w2) = 100
051(ws) + Sz2(ws3)b32(ws) = 95
0s1(ws) + S32(wa)b32(ws) = 90
051(ws) + S32(ws)b32(ws) = 90
05 1(we) + S32(we)b32(ws) = 85

Substituting the actual prices gives

93,1(001) + 10093 2 wl)
051(wa) 4 9505 9(w2) =
051 + 9503 2(w3) =

)=
)=
)=

(

(
w3 (
031 + 9003 2 (w4

(
(

Wy
93,1 + 9093 2(Ws
+ 8063 2\ We

Ws

AA,_\A
o — —

031 (ws

The condition that ©3 be P>-measurable is
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03,1 (w1) = 031 (w2)
93,1(w4) = 93,1 (ws)
032(w1) = O32(w2)
93,2(w4) = 93,2(%)

and so the previous system can be written using only w;, w3, w4 and wg as

93 1(&)1) + 10093 2((4}1) =100

05 1((4)1) + 9503 g(wl) =100
93,1(003) + 959372((4}3) =95
93,1(w4) + 909372(004) =90
93,1((4)4) + 909372((4}4) =90
93,1(w6) + 809372((,06) =85

The first two equations have a unique solution and so do the fourth and fifth
equations, giving

@3((4)1) = @3((412) = (100,0)
O3(ws) = O3(ws) = (0,1)

95 —
@3(&)3) = (87 95 S)

85—t
st = (155"

where s and ¢ are parameters. The acquisition values for ©3 are

VQ(@g)(wl) = VQ(@g)(wg) =100

along with

95 — s 3s

V2(O3)(ws) = s +80 - —=—= = 75+ 80
V2(03) (ws) = V2(03)(ws) = 80
95—t 4t
VQ(@?,)(\.L)G) t+75- 95 == E + 75

The self-financing condition requires that these are also the liquidation
values of ©, and so ©, must replicate the alternative

3s 4t
1 _
(00 19—&-80 80, 19—1—75)

Since we are asked for only one replicating portfolio, let us choose
s =t = 0 to get the alternative

(100,80, 80, 75)

We have the system
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100
1(\4)2 + 9092 2 (w2 100
ws) + 8092 2(ws 80

92 1(w1) + 9002 5(wr) =
) (w2) =
921( ) (ws) =
1(;4}4) —+ 8092 2(&)4) 80
02,1 (ws) (ws) =
(ws) (we) =

)

ws) + 80922 ws 80
01 (ws) + 7502 2(ws) = 75

)

Since 6>, is constant on the blocks {w1,ws, w3} and {ws, ws, we} this can be

written
9271((4}1) —+ 9092,2 (wl) =100
9271((,01) + 9092’2 (wl) =100
9271(;4}1) —+ 8092,2 (wl) =80
05 1(&)4) + 8092’2 (w4) =80
92 1(;4}4) + 8092,2 (W4) =80
6- 1(&)4) + 7592’2 (w4) =175
or
9271((,01) + 9092’2 (wl) =100
9271((4}1) + 8092,2 (wl) =80
6- 1(&)4) + 8092’2 (w4) =80
9271(;4}4) + 7592,2 (W4) =175
giving

Working backward in time, we next compute the acquisition values for O,
V1(®2)(w1) = —-80+85-2=90
The self-financing condition requires that these are also the liquidation
values of ©; and so
Vl (@1 ) (wl) =90
Vl (@1 ) (w4) = 78
Writing these out and substituting the actual prices gives the system
01’1((4)1) + 859172((,‘}1) =90
91,1((4)4) + 789172((4}4) =178

But O, is Py-measurable; that is, constant on €2, and so for any w € )
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91}1((4)1) + 859172((,‘}1) =90
91,1((4)4) —+ 789172((,04) =78

This system has solution

390 12
o = (-7 7)

which is a portfolio consisting of a short position (sale) of % bonds and a
purchase of % shares of stock, for an initial cost of

390 12 570

7 + 80 = ~ $81.43

Toss 1 is tails: Casino is even, player down $1 million, game over.
Toss 1 is heads: Casino up $2 million, player down $1 million, game
continues.
Toss 2 is tails: Casino is even, player down $1 million, game over.
Toss 2 is heads: Casino up $4 million, player down $1 million, game
continues.
Toss 3 is tails: Casino is even, player down $1 million, game over.
Toss 3 is heads: Casino is even, player up $8 million, game continues.

In all ending cases, the casino is even. Thus, the casino has a perfect hedge.
It is self-financing because the casino never added its own money or
removed money. The side bets on heads replicated the payoff to the casino,
but in the opposite position, resulting in a 0 payoff to the casino.

The self-financing condition is

Vi(07) = Vi(0},)

for all ¢ =1,...,7 — 1. Because ® is assumed to be self-financing, the
liquidation value of ©/, is

VZ(@;) = (91‘,1 + Q)SM + ZGZ-JSZ-J-
=2

Vi(©;) + aSiilo
1(©11) + aS; 11

and the acquisition value is

Vi(eéJrl) = (0i+171 + G)Si,l + ZeiJrLjSi,j

J=2

=Vi(0;11) +aSi1lg

Thus @’ is self-financing.
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Chapter 6

1. a)0,b)0.0015, c) 0.2944, d) .0816, e) 2.0799, f) .0783. For the put, use the
put-call option parity formula P = Ke ™™ 4+ C' — Sy. For example, when
K = 50 we have

P = 50e%%Y/6 4+ 0.2944 — 50 = 0.3778

3. A 10% gain followed by a 10% loss, or vice versa, results is a slight loss, as
shown by

(1+0.1)(1—0.1)=1—0.01 =0.99

(If the gain comes first, the loss is on a larger amount; if the loss comes first,
the gain is on a smaller amount.

Chapter 7

1. Let f:R? — R be defined by f(E;) = 1, f(E2) = 0.

5. A vector (2a,3a) € M dominates (x,y) if and only if z < 2a and y < 3a;
that is, if and only if @ max{xz/2,y/3}. Thus, the minimum dominating
price is achieved by Z(2a,3a) = a« for the smallest possible a, which is
a = max{xz/2,y/3}.

Chapter 8

3. Wehave

[r=k]={w| S, € BbutS; € B for j < k}
=[S € B°|U---U[Si1 € B|U[S, € B]

But since the price S; is P;-measurable and since (P;) is a filtration, we
deduce that each of the events [S; € B°] and the event [S;, € B] are in the
largest algebra A(Pj). This is the condition required of a stopping time.
Finally, for £ = T we have

[r=T]=1[Sy € B°|N---N[Sr-1 € B°] € A(Pr)
5. Write

{k | Sk(w)  25k-1(w)} = {k | 5?5?2) 2}

and consider first entry times for the adapted process ( kai?;l) )

Chapter 9
5. Ifa € R then

(—OO, CL) = U (_na (I)

n>a
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15.
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is a countable union of open intervals and so is a Borel set. Also,
1
(—00,a] = m —00,a + €B
n>0

The right rays are complements of the left rays.
Suppose that A; C A, C --- is an increasing sequence of events and let

The limit exists because it is the limit of an increasing bounded sequence of
real numbers. Set Ay = () and write

A= J(A;\ Aimr)

C8

N
Il
—

where the events A; \ A;_; are disjoint. Then

.

P(A;\ A1)

I
.Mg

Il
—

:nlggo iP(AZ \ A1)
= lim [ZIP(AZ') —P(Ay)]

= lim P(4,)

For part b)

Chapter 10

1.
3.

1 =0.15,02 = 0.03.
C = $33.36.
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5. For the expected value, we have

T
Ep(Qs) = Ep(as\/EZXS,Z’)
=0, \/EET:EI,(X )

S

mzl [(1—=s)p—s(l—0p)

= BV pp—s
) (p—s)

t p—3S

:US\/E s(1—s)

g
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absolutely continuous, 201, 203 bearish, 20
acquisition price, 110 Bernoulli experiments, 53
acquisition time, 110 Bernoulli random variable, 70
acquisition value, 110 Bernoulli trials, 53
adapted, 93 beta, 24
additivity property, 49 bid price, 104
adjacent, 86 binary tree, 142
admissible, 137 binomial coefficient, 9
affine subspace, 245 binomial distribution, 55
affine, 249 binomial experiment, 53
algebra generated by, 45 binomial model, 141
algebra of sets, 43 binomially distributed, 61
algebra, 43, 193 Black-Scholes Option Pricing
alternative process, 171 Formulas, 236
alternative, 128 blocks, 41
American call, 13 Borel set, 196
American put, 13 Borel o-algebra, 196
antisymmetric property, 43 Brownian motion, 215, 216
arbitrage opportunity, 5, 29, 117 bull call spread, 26
arbitrage trading strategy, 117 bullish, 20
ask price, 104 butterfly spread, 27
asset holding, 108 buyer, 13, 29
asset holding process, 108
assigned, 16 calendar spread, 26
at parity, 23 call option, 1, 13
at the money, 18 call spread, 26
atom, 43 cash-and-carry, 30
atomic trading strategies, 117 Cauchy, 245
attainable, 129 CBOE, 14

Central Limit Theorem, 210, 211
basic assets, 104 Chicago Board of Options
Bayes' formula, 81 Exchange, 14
bear call spread, 26 child, 86
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child subtree, 86

child subtree number, 88

classes, 14

close, 25

closed, 196, 246

closed half-spaces, 250

compact, 246

complete, 129

completely separated, 251
conditional expectation, 72, 75
conditional probability, 56

cone, 246

contingent claim, 128
continuous random variables, 203
continuous stochastic process, 216
converges in distribution, 208
converges pointwise, 207
convex, 246

convex hull, 248

convex combination, 246

cover a put, 21

covered, 21
Cox-Ross-Rubinstein model, 153
CRR model, 153

daily marking-to-market, 32
daily settlement, 32
decreasing sequence, 194
delivery date, 29

delivery price, 29

delta, 23

density function, 201
derivative, 3

derivative pricing problem, 4, 103
descendent, 86

deterministic factor, 150
deterministic part, 222
discount rate, 58

discount window, 58
discounted asset prices, 107
discounted gain, 113
discounted final gain, 113
discounted value, 107
discounted value process, 112
discrete, 203

distribution function, 197, 198

dominates, 164, 181

Doob Decomposition, 101, 183

Doob's Optional Sampling
Theorem, 182

dot product, 10

down-tick, 141

down-tick factor, 142

drift, 149, 151, 216

dual space, 159

edges, 85

elementary event, 49

empirical probability, 46

end-of-day settlement, 32

equal-probability binomial
model, 154

European call, 13

European put, 13

event, 46

events, 48, 49, 194

exercise price, 13

expectation, 65

expected instantaneous return, 150

expected value, 65, 204

expiration cycles, 14

expiration date, 13

extension, 161

factorial, 8

failure, 53

fair price, 167

Farkas Lemma, 259

feasible region, 263

filtration, 87

final payoff, 112

final state space, 86

final states, 105, 141

financial instrument, 3

financial security, 3

finite additivity, 51

finite probability space, 49

first entry time, 172

First Fundamental Theorem of
Asset Pricing, 124



flexible models, 145
formula, 81

forward contract, 29
forward price, 30
frictionless, 5
futures contract, 31
futures price, 32

geometric Brownian motion, 219
Greeks, 23

hedge, 17
hyperplane, 249

identically distributed, 209

implied volatility, 237

in the money, 1, 18

increasing sequence, 194

increment, 92, 216

independent, 52, 53, 64, 204

independent increments, 216

indicator function, 59

indicator random variable, 59

infinitely divisible, 5, 104

information structure, 87

initial cost, 112

initial pricing functional, 132

inner product, 10

inner product by, 160

instantaneous drift, 226

instantaneous expected return, 150

instantaneous percentage
return, 240

instantaneous return, 148

instantaneous volatility, 149, 226

intermediate state, 85, 105, 142

intrinsic value, 22

1t6's Lemma, 241

Itd's process, 241

kernel, 159
Law of One Price, 132

LEAPS, 14
length, 86

Index

levels, 85

leverage, 18

lifetime, 141

linear functional, 158

linear hyperplane, 249
liquidation price, 110
liquidation time, 110
liquidation value, 110

local martingale condition, 96
local martingale equations, 126
local volatility, 149, 151

locks in the gain, 114, 116
logarithmic growth, 148, 219
lognormal distribution, 207, 220
long position, 3, 13, 29

loss, 113

martingale, 95

martingale down-tick
probabilities, 145

martingale measure, 120

martingale measure binomial
model, 229

martingale up-tick
probabilities, 144, 146

maximal, 196

maximum extension price, 165

mean, 65, 204

mean squared error, 66

measurable, 61, 172, 203

minimum dominating price, 164

monotonically continuous, 194

more distant, 26

MSE, 66

mutually exclusive, 50

naked, 21

naked short selling, 25

natural binomial model, 226
natural drift, 226

natural probability, 106, 142
natural up-tick probability, 226
natural volatility, 226
no-arbitrage bounds, 37
No-arbitrage Pricing
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Principle, 6, 29
no-arbitrage spread, 37
nodes, 85
nondecreasing, 197
nonnegative orthant, 125, 246
nonnegative, 64, 123, 162
nontrivial, 245
normal distribution, 199
numeraire, 103

objective function, 263
OCC, 16

open, 196

open half-spaces, 250
open interest, 16

opposite positions, 3
optimal stopping time, 175
optimal value, 175

option portfolio, 21

option series, 14

Options Clearing Corporation, 16
out of the money, 18

pairwise mutually exclusive, 51
parameters, 53

parent, 86

partition defined by, 45, 60
partition, 41

path, 86

path-independent alternative, 155
path number, 89

payoff, 174

payoff process, 171
perfect, 104

perfect market, 4

portfolio, 108

portfolio rebalancing, 109
positive orthant, 246
positive part, 102
predictable, 93

premium, 22

present value, 107
previewable, 93

price process, 106

price random variable, 106

price vector, 106
Principle of
Inclusion-Exclusion, 212
probability mass, 49
probability distribution, 49, 60
probability mass function, 49, 60
probability measure, 49, 194
probability space, 194
probability vector, 124
put, 1
put option, 13
put spread, 26
put-call option parity
formula, 34, 35
random factor, 150
random part, 222
random variable, 58, 203
random vector, 65
recombining, 143
refinement, 42
reflexive property, 43
reflexivity, 137
replicating trading strategy, 129
reverse cash-and-carry, 30

Riesz Representation Theorem, 160

Riesz vector, 160

right-continuous, 197

risk-free asset, 5, 103

risk-free rate, 5, 103

risk-neutral probability
measure, 120

risky, 104

rolled into, 108

rolled over, 108

round lots, 14

sample path, 182, 217
sample space, 46, 49, 194
sampled process, 182

Schwarz inequality, 245

Second Fundamental Theorem of
Asset Pricing, 134

self-financing, 111

seller, 13, 29



settlement date, 29

settlement price, 29

short position, 3, 13, 29

short seller, 24

short selling, 24

simple rate of return, 240

simple return, 148

single-asset trading strategy, 112

single-asset, single-period,
single-state trading

strategy, 117

size, 8

smallest, 246

Snell envelope, 175

spot price, 30

spread, 26

stable, 224

standard, 145

standard Brownian motion, 217

standard deviation, 69, 205

standard normal distribution, 200

standard normal random
variable, 207

standard random variable, 70

standardizing, 70

state information structure, 105

state partition, 105

state space, 105, 141

state tree, 85, 97, 105

statistical parameters, 152

stochastic process, 92

stock option, 1, 13

stopped process, 182

stopping event, 172

stopping time, 171, 172

strictly positive, 65, 123, 162

strike price, 1, 13

striking price, 13

strongly positive, 49, 65, 123, 162

subadditive, 212

submartingale, 101

success, 53

supermartingale, 101, 180

symmetry, 137

terminates, 89

theorem of the alternative, 259

Theorem on Total
Probability, 51, 57

theoretical probabilities, 46

tick parameters, 143
time premium, 22
time spread, 26

time-t, pricing functional, 132

time-tj, state space, 86
time value, 22

Tower Properties, 76
trading strategy, 109
transitive property, 43
transitivity, 137

trials, 53

uncovered, 21
underlying, 3
underlying asset, 29
underlying security, 3
underlying stock, 13
uniform distribution
function, 199
unit of accounting, 103
unwinding, 25
up-tick, 141
up-tick factor, 142

value process, 112
variance, 69, 205
vertex, 85

vertices, 85
volatility, 216
volatility smile, 237

weak convergence, 208
writer, 13
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